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Abstract

The paper explores the evelution of global networks. Examples include networks which process
cross-horder securities trades: CEDEL, Euroclear, and FITEL. T formalize & nelwork market
with many users: due ta fixed costs the supply is downward slopping, and due to externalitics the
demand is upward slopping, Using pame theory and dynamic siochastic analysis T show how the
network evolves. 1introduce the concept of critical mass, define a stochastic process of coulition
formation, and specify the long run properties of the resulting network markets, including
dynamics and stability propertics, and the number of stable configurations. T explain the
farmation of coalitions of users when the players are helerngeneous: there cxist clusters of players
which produce more externalitics to cach other that they do to the resl g, global custodians, The
gains from distinguishing such clusters are surprisingly large: the probability of success of the
network “start up” increases exponentially with deersases in the cluster size.

1 Introduction

International financial networks such as Euroclear, CEDEL, SWIFT and Global
Custody networks, ate important factors in the rapid development of cross-border
securities trading.' The value of the transactions going through these networks is
high: more than USS 4 billion worth of cross border equities are transacted daily.

Netwark services exhibit two distinctive characteristics: (1) The willingness to
piy increases with the level of activity, because the network is more valuable when
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it has more users.2 (2) Unit costs decrease with the volume sold, because there are
large set-up costs.” Because of these characteristics the fundamentals of the market
for network services can be the opposite of what is predicted in textbook examples:
the supply can be downward sloping, while demand increases with prices.? For
these reasons the evolution of market for networks services can be very different
from that of standard markets.

As global capital markets evolve the communications and administration of
trading requires more complex and extensive networks, The emergence of the
services needed Lo support global capital markets depends on the feasibility or the
survival of the nctwork service. A large “critical mass” of users may be necessary
before a network producer “breaks even” L.e. achieves positive profits.” Once this
critical mass is achieved, however, there are increasing profits to be obtained [rom
cach additional user. For this rcason sciting-up a nctwork 1s often deseribed as a
“start-up” problem. This problem can be dilficult to selve: Many potentially
valuable networks fail o emerge or to survive, This paper argues that the
formation of certain coalitions of users can solve this problem. If one can find small
coalitions of users which produce strong positive externalities to cach other, the
size ol the eriticall mass can be reduced, and the start-up problem can be overcome,
The literature has not examined so far the formation of coalitions which is the main
focus of the paper.

1.1 Network Coalitions

Coalition of users can be crucial for a network’s operation, Many international
securities networks are organized into “clusters” of users (coalitions) who
“communicate” with each other more frequently than with the rest of the users.
Examples are global custodians of cross-border securities holdings. They use the a
network such as SWIFT and CEDEL to make and receive payments or other
instructions with several thousand entitites across the world. Tn addition, these
banks communicate routinely with about 40 other banks worldwide, which are
called their “subcustodians™.®

2 This is called a "positive externality” across users,

? This effect is called “increasing returns™,

1 See the discussion helow,

3 For example, McCaw Communications which was sold recently for several LIS§ hillions, never
reached the break even point.

Y Subecustodians handle the paper instruments, and administer and repert on taxcs and corporate
actions in each country, Furthermore, the global custodians have alse a network of clicnts,
several hundreds on occasions, with whom they also cummunicate very frequently. Each
communi¢ation is about a cross-oder transactions of typically US$ 50,000 or more,
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The bank has two types of network use: “infrequent use” to communicate with
a large number of institutions across the world, and “frequent use” to communicate
with a smaller group of institutions such as subcustodians or customers. The ability
to communicate with the latter, i.¢. “frequent use™, is very valuable, Fewer parties
of the second type are needed in the network for the user to reach the same level of
benefit that the user derives from infrequent use. Therefore if a cluster of users of
the second type become network users, in practice the “critical mass” required to
break even is small.

1.2 The Network Evolution

With these practical applications in mind I formalize a network market with many
users. Using game theory and dynamic stochastic analysis, [ show how the network
evolves. [ define a critical mass, a stochastic process of coalition formation through
time, and specify the long-run properties of the resulting network market.

I explore the formation of coalition of users when the externalitics produced
by the players are heterogeneous, i.e. when there exist clusters of players which
produce more externalities to each other than they do to the rest of the potential
users. Proposition 6 and Corollary 7 establish that the gains from decentralization
in this context, i.e. the gain from distinguishing those clusters and producing a
clusters network of rather than one hig centralized network, are surprisingly large.
I show below that the probalility of success of the network increases exponentially
with deereases in the size of the clusters. This may account {or the actual network
structure (clusters of users) that one observes in practice (e.g. global custody
networks).

Proposition 6 and several examples explore the gains to decentralization
formulated by calculating the stopping time until coalitions of critical mass are
formed. This is financially important since critical mass is reached, profits are
negative. The critical mass of the network (Section 5) measures its economic
feasibility in terms of the number of players which are required for positive profits
and determines the number and the stability propertics of Nash equilibrium of a
network game (Section 3 and 4, Proposition 2 and 3 and Corollaries 4 and 5). 1
show that the set of Nash equilibria are quite different under different information
structures,

1.3 A Dynamic Network Game

Users come inta the network following a stochastic process. They stay or leave
depending on the economic incentives. There are large and small users; the former
are informed about the externalities which they produce to other users, and the
latter are not. Two scenarios are considered. In the first, the externalities between
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the users are homogencous: all players within a certain proup must simultaneously
join the network in order for the critical muss to be achieved. A second scenario
studies clusters of users which are heterogeneous in terms of the externalities they
produce to cach other. | prove the existence of solutions and the number of
solutions under different characteristics of the users, T explore the characterisites of
the critical mass and the start-up problem. Proposition 12 shows that the
probability of success (survival) of the network increases exponentially with
decreases in the size of the clusters, Somewhat surprisingly, the number of clusters
required to break even is almaost irrelevant,

2 The Economics of International Financial Networks

Two main charactenstics of international financial networks are:

(&) Communications externalifies: The parties exchange information through the
network., The more parties are accessible through the network, the more
valuable is the network’s communicating ability,

(b) Audit trails: a historical record of cach (ransaction is kept. Audit trails are
records of the messages sent, by whom and when, and of the actions taken by
the different parties with respect to cach trade.

These characteristics motivate the following definitions.

Lot il g.. x) be the i-th user’s utility [rom consuming a quantity g, of the
network services or messages, and let x be the number of users, indexed by the
integers. The variable g, is either 0 or 1 depending on whether the network is used or
not. Since the utility derived from vsing the network increases with the number of
other users:

d—”;n,-(q.-__xj}n_ (1)

Similatly, when there are no users the uility of using the network is zera:
(g, 0} =10. (2)

Assume all users use the sume amount of netwaork services, and choose units of
measurement so that total quantity of network services consumed is equal to the
number of users’. Let ;= w;foralli,je ¥=R . Conditions (2.1)and (2.2) imply that

? Because of this assumption and the fact that g; is cither 0 or |, the charges to each user arc
usually ealled “connect charges".
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users are willing to pay higher fees for the same services when the network has more
users, and that at zero use, they will only wish to pay 0. Formally:

J
—Di{x)>0 k
dxfh} : (3)

and
D=1,

where D(x) is the s user “willingness to pay” for the network services, given that
up to x users arc already using the network., The associated demand function is also
denoted .

In cconomic terms the network’s data bases and switches are fixed costs in the
provision of services, since they must be incurred independently of the amount of
usc. These costs are generally large and incurred once. This implies that the average
cost of a message decreases with the number of messages, so that there are
increasing returns to scale in the production of netwotk services, The average cost
of a message typically decreases and goes to zero as the number of messages goes to
infinity, which I now assume. This gives rise to an average cost curve denoted C'(x).
satisfying:

didx C{x) <0, (4
and
lim C(x)="0. (3)

Assume that C(x) is continuous. The associated supply curve is denoted S(p),
where p denotes price. The user's externalities lead to an upward sloping demand
curve D(x), while increasing returns in production lead to a downward sloping
average cosl curve Cx). Diagram 1 illustrates.

T am concerned here with the “start up problem™ therefore assume that a
producer’s main concern is to break even in order to cover its fixed costs and
operate at non-negative profits. An Average Cost Pricing £q uifibrium s defined as a
price-quantity vector at which the market clears. Producers charge at average cosl.
At an equilibrium, producers break even:

Observation: Under conditions 2.1, 2.2, 2.3, 2.4 and 2.5, there is a unique markel
clearing average cost pricing equilibrium (p* x*) such that x satisfics
Dix*)=C(x*), and p*=D(x*). This equilibrium is unsiable under either the
quantizy adiustment process
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=)

Clx)

D4.) 15 willingness to pay, C.) is average cosl Diagram 1

(2.6) x=i(D(x)—C(x)), forareal number 10,
or under the Walrasian price adfusiment process
(2.7 p=p(ED{p)), forareal number g =0,

where ED{ p) denotes the excess demand function D~( p) — C~'( p). This market
clearing equilibrium is Pareto inefficient as it undersupplies network services: for
all £ =0,(p* £*) is Pareto inferior to a non-market clearing allocation (a price-
quantity vector) with quantity x*+& users and with prices defined by their
willingness to pay D(x* + £). Producers charge according to the average cost curve
C{x* + ).

A proof is given in the Appendix.

Definition 1. A critical Mass of users is the quantity of users af which producers
break even.

A critical mass of users consumes a quantity of services equal to that produced
at the average cost pricing equilibrium. At this quantity each vser’s willingness
to pay equals (or exceeds) average cost, leading to no loss (or to a net gain) to
the user who joins the network. Below the critical mass the opposite is true,
namely average costs exceed willingness to pay, so there is a nel loss [Tom using
the network.
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D)

Dix*+£)

Cix*+g) -

)

x* iz not Pareto Efficient Diagram 2

3 The Network Game

I shall now consider strategic moves on the part of the users. Through time, users
choose strategically whether to join the network or not, and whether to leave the
network once joined. A typical user will join or leave the network several times.
The user’s strategic decisions lead to a level of network use, and therefore to an
average cost and to a price they are willing to pay.

In order to simplify notation users are now indexed by the positive integers,
o X={1,200: 08

A Nerwork Game G is defined as follows, The players are all the potential
network users in the set . Each player yeX has two possible strategies: to use the
network or not to use it if @( ¥) is the player ¥'s move, then @( ¥) is cither 0 or L.
Through time a player may either join or leave the network, and may do so
several times, The quantity of network use is the sum of the player’s sirategies

x= E @ ¥).

¥

Assuming that producers charge at average costs, the payeff to the players
who use the network are their welfare gains (or losses), defined as the difference
between two prices: the average cost and the willingness to pay. In other words:

® All properties of the model are preserved in discrete terms, cxcept that now the average cost
curve may or not intersect the demand curve. Therefore the critfcal mass x* is now re-defined as
the smallest quantity of users at which willingness to pay exceeds average cosis, and we assume
x¥=1.
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I'he payoff 1o a player joining the network when the game

allocation is @, is pfnp}—n[-: E (1 a L C[ > el ] Diagram 3
1) ¥ 4 N ¥ s

a player is better of the larger is its willingness to pay in relation to the average cost
which it pays for the service:

Definition 2, The payoll to the player who plays strategy 1 is the difference between
the user's willingness to pay and the average cost computed ai the sum of the players'

Siraregies x= E ol y), e
¥

Pp)-D| 3 o) T o0
Nty ! vy /!

The payofTl to the player who plays strategy zero 15 zero, 1.e. P{0)=0,
All players know the average costs and demand function, as well us the total
number of users,

Definition 3. 4 large player is one who is aware of the impact of its strategy on prices,
and acty accordingly.

Definition 4. 4 small player is one who acts as if it had no influence on prices.

Each player aims at maximizing payoffs. Denote the cardinality of the sct of
plﬂu\rﬂrs "'}: b}' Xms.xs W]-t'h x* {: *er:u {GD_
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Definition 5. A game allocation® p* is a Nash equilibrium when, for each player
¥, w*(x’yis the optimal response of player ¥’ to the strategies played in @* by all the
others.M

Definition 6. An adfustment process is defined now as Jollows:
P =04, (6)
where @, is the optimal reaction (o allocation @, defined so that for each player x
Plp: (x), @7 (x)) = Max PO, @l (x)). (M

Observe that a Nash Equilibrium is a steady state of this adjustment process, le.a
game allocation ¢* such thal (¥ —p*

Definition 7. The region of stability of a steady state ¢* denated S(@®), is the set
of all game allocarions " such that if the adfustment process siart at one such
allocation, it converges to steady state ¢*. Formally @ e S(@*) iff @,_o= " implies
lim g, =¢%

[

4 Nash Equilibria with Small and Large Players

The steady states of the network are quite different when the traders are small than
when they are large. The following results are proven in the Appendix:

Proposition 8. When players are large, the network game G has two Nash Equilibria,
denoted Ey and Eyae. The former has no setwork use, and the larter includes all
users. Both equilibria are stable according to the adjustment process (3.4). If the
usage of the aetwork up 1o the critical mass minus one is reached, the adjusiment
process converges to the equilibrium Eq, so that the network does not sureive. Once
usage on or above the critical mass is achicved, this leads necessarily'! to the
equilibritm Ey.e.. The equilibrium £y is not Pareto efficient. The equilibrium £xpay
is Pareto efficient, but at Ey ma. the market dees not clear: there is an excess demand
Sfor netwark services.

% A pame alfpcation is a lunction, ¢ ¥ 10,11, 1.6 an element of the set {0, 134, a sequence of 07y
and 1's indexed by the set X,

10 | ¢, p*(x") maximizes the payoll o player x°, given the values of forall ¢ * (x)forallxe X, x=x"
This is a standard concept of Nash equilibrium in nun-cooperative games. For any gams
allocation @, Iet (6, ¥ (x)) the allocation with values equal to those of @ everywhere excepl at x,
and with @(x) =48,

11 1 ¢, the region ol stability of £ is usage up to critical mass minus one.
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Proposition 9. Assume that players are small, and that at the critical mass usage the
costs equal the willingness to pay. Then the network game G has as many Nash

equilibria as the number of all combinations of players into subgroups of critical mass
i

e :I +2. The latter two are the Nash equilibria Ey and E oy

size, plus two ie. |I
1

defined in Proposition 1. The equilibrium E, is Pareto inferior. Once the number of
users reaches the level of critical mass minus one, the network converges o the
equilibritm Fy. Ey.., is a Pareto efficient and stable Nash equilibrium, but the market
does not clear at Ex .. Once the number of users equal or exceeding the critical mass

pa B, S A
Plus one the network converges to the equilibrium Ey .. ANl the 1 “::“ | equilibria
() X !

with a critical mass are unstable. Furthermore, if at the critical mass the willingness
1o pay exceeds the network costs, then there are only two Nash equilibria, £y and
E.me'm-

S Critical Mass

The results presented so far indicates how important is the critical mass in
determining the network’s behaviour, The critical mass is the smallest number of
users at which producers’ profits cease to be negative. Below the critical mass, the
nelwork is not sustainable since firms make negative profits. The following
corollaries show a negative correlation between the size of the critical mass and the
ability of the network to converge to its Pareto Optimal position. They also show
how fixed costs and the level of externalities can influence the size of the eritical
mass itself:

Corollary 10. The area of convergence to the Pareto Optimal Nash Equilibrium
decregses as the critical mass increases,

Proof. This lollows from Proposition 2. |

Corollary 11. The eritical mass of the network decreases when fixed costs decrease, or
when the externalities among the users increase.

Proof. This follows (Tom conditions 2.1, 2.2, 2.3, 2.4 and 2.5 of the function
and D, m

However important is the critical mass for both producers and users, it is an
unstable position. If the critical mass is exceeded, usage immediately increases
towards the Pareto Optimum, £y, I, however, the critical mass is not reached,
usage inevitably dwindles to zero, i.e. to the Pareto inferior equilibrium E,. These
are the conclusions we reach when examining the network usage problem as a
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non-cooperative game for the users. In order to reach a Pareto efficient solution, it
is essential to reach the critical mass. This requires the simultaneous decision by at ,
least x* users to join the network. A cooperative solution, namely the formation of
a coalition, could resolve the problem and lead the economy towards the Pareto
Optimal solution Eymay.

6 Start-Up: A Game of Coalition Formation

The difficulty in reaching a Pareto efficient outcome resides in the formation of
coalitions of the right size, at least ol critical mass size. This is a necessary
condition for the network to break even and thus to its commercial teasibility.
This is the network “start up” problem. The amount of time needed to reach a
critical mass is crucial in the financial feasibility of the “start up”. A common
strategy (Rohlfs (1974), Heal (1990)) is to subsidize the first uscrs until critical
mass is reached and then charge according to monopoly pricing or any other
feasible pricing rule. If such a strategy is followed, and F represents fixed costs at
cach period ¢, in financial terms the network must justify a maximum loss of £
per period during each time ¢ >0 period untila T is reached at which x(T) =x*.
In ather words, the network may have to justily a loss of up to ML =>T FA ',
where T is the period when the critical mass is reached, x(T) = x*, and 0< i1
is a discount lactor. Obviously, any strategy which minimizes T makes the start
up problem easier. In particular, considering the present discounted value of a
stream of net revenue over an infinite time horizon, denoted R, the decision
problem of the network manager is whether R iz smaller or exceeds ML at an
appropriate discount rate A. This problem is obviously very sensitive to the value
of T.

The following shows how the period needed to reach critical mass decreases
dramatically when instead of aiming at the formation of one coalition of critical
mass, we form several “locking” subcoalitions of smaller size. A passible rationale
for secking the formation of such subcoalitions is that the players are heterogen-
ous: they naturally divide into subgroups within which players produce stronger
externalities to cach other than to the rest of the users. An example is provided by
dividing the population of users into subsets of users which communicate more
frequently with cach other than with the rest of the network, for example those
subsets of users who share a common data base or nade.

7 Example 1: an Heterogeneous Network with 6 players

Consider a network with six users, indicated with the letters a to f. Users a, band c
define subcoalition T; within this group users produce externalities of value 20 to
cach other. The same is true for users within subcoalition 11, composed of users ¢,
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d, and e. The externalities produced by a member of subcoalition T to a member of
subcoalition IT are always equal to 2, Assume that externalities are symmetric, i.¢,
player i produces the same externality on plaver jas j does on §. The avera ue level of
user to user externalities in this network is (20 < 2 + 6)/5 — 9. Assume for simplicity
that average costs are constant C(x) = 35. Consider now the willingress to pay D(x)
as defined in Sections 1 and 2, averaged over all possible players. Formally, this is
generated by the average externalities between the users so that D(1)=average
externality to any player of one other player being in the network. Then
D(1)~9.D(2)~ 18 cie. Then we need at least four users to form a critical mass,
since D(4)= 3635 while for any x < 4, D(x) < 35.

Observe however that if any rwo users within one group apree simultaneously
to user the network, their specific willingness 1o pay denoted D*(a, b) — 40 (which
exceeds the average willingness 1o pay for two players, D{2)= I8}, is larper than
the average cost =35, Thus, if two such users within on subcoalition agree
simultaneously to use the network, their payoff cxceeds average costs and thus in
terms ol the strategies defined for the game G, they stay in the network. 1

D=}

35 Cix)

20

[

Diagram4. A Heterogeneous Network with six Players
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indicate this by saying that these two plavers are “locked in”. The formation of a
“decentralized” critical mass, (consisting here of the two players in subcoalition 1)
depends then not only on the number of users but also on what other users join the
network at any one time. When users are heterogeneous, a critical mass could be
achieved more quickly when there exist “clusters” of users with stronger
externalities.

8 Random Coalition Formation with Heterogeneous Users

With Example 1 in mind 1 formalize the formation of users’ coalitions by a
dynamic game generated by a random process with memory. AsInscctions Land 2
there is a set X of potential plaver indexed by integers, of cardinality X, Since
users are heterogeneous, they produce different externahnes to each other, Certain
subsets 8, of § players each (called subcoulitions of critical mass) are giveninitially.
They consist of plavers who produce more externalities to each other i they use the
network, than they would produce to others outside their subsets. Assume that the
willingness to pay of each player in the set &, when all others in 5. are in the
network, matches or exceeds the average costs of serving the f players in this
subcoalition. Formally, let e, denote the externality produced by useri on the user
which we may assume is symmetric (¢, = ¢;). Consider the average externality on
the f player, delined as ;= 1’A,1,31[Z.-_h____xm_“_,_ff.'((:‘.-j]]. This delincs an average
willingness to pay denoted D(.), where D{n+ 1) —D(n}—e, or Din)=ne where e is
defined by e=1/X a0 ... By the assumption made on the subcoalitions 5, for
cach fin 5, £y ies, €5 =D (x%) where x¥ is the critical mass defined from the average
costs £ {ﬂ, asin Section 2. There are a disjoint critical mass subcoalitions &, with
ax f=x% <X,

At any time (=0, 1,2.... each of the in X players has a 50%; chance of joining
the network. The decision of sach player to join the network at time f s
independent from the decisions of all other players at time ¢, and is also
independent from the decision of this player at other times, except that il al any
time ¢ the / members of one subcoalition S, agree simultaneously to join the
network, then their pavoff meets the average costs and they are “loked in”, For all
1 = 1" the payers in §, remain in the network Le. ol HY=1¥1" =1 /5. The game
continues with other players sometimes joining and sometimes leaving the
network. Tvpically cach player will join and leave the network several times.
However, once locked into a subcoalition of “critical mass”, the player remains
locked in. The random game continues without the members of the subgroups who
have agreed, i.e. with k+ f. less players, where & is the number of subgroups who
have agreed at any time £. This random game formalizes the fo rmation of coalitions
in the network.

I study the expected numbers of periods until a critical mass ol players x* join
the network via subcoalitions S, (denoted ET). 1 compare this with the cxpected
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number of periods needed for a critical mass x * of players to decide simultaneously
(atany time 7) to join the network. The problem of finding a coalition of “average”
critical mass (x*) to make the network sustainable is then related to that of forming
several smaller (decentralized) subcoalitions with total cardinality adding up to the
average critical mass. I show that on average the speed with which the critical mass
is reached with decentralized coalitions increases exponentially with decentraliza-
tion (i.e. with the size of the subcoalitions) but it is surprisingly indifferent to the
total number of subcoalitions. This indifference is the source of decentralization
efficienc,

With this background, the random game of coalition formation is formalized
as follows. At each trial @ groups of f§ fair coins are tossed, o X § =x* We stop as
soon as every one of the groups of coins has come up all heads in at least one trial.
call this the formation of a @, fi-decentralized coalition, namely onc made up of
subcoalitions of size ff each. T compare the expected number of trials ET to form
such a e, § decentralized coalition with the expected number of trials required for
all coins to come up heads simultaneously. The latter is the expected number of
trials required to reach a e, f-centralized coalition, namely one coalition with a x §
members. The comparison measures the benefits of forming decentralized vs.
centralized coalitions, Obviously, the expected number of trials is lower for the o 5-
decentralized coalition. It is less obvious, however, that the speed pained is
exponentially increasing with decreases in the size of the subcoalitions, ie. the
number @, and is practically indifferent to the number § of such subcoalitions!%:

Proposition 12. Compare the expected number of trials ET to form such a f coalitions
of @ traders each, i.e. an a, fi-decentralized coalition, with the expected number of
trials required for the formation of a coalition of size a % f, i.e. @ a, f-centralized
coalition. The benefit of forming decentralized as opposed to centralized coalitions is
expetentially increasing with decreases in the size of the subcaalitions, i.e. with the
number «, but is practically indifferent to the number § of such subcoalitions.
FYormally: the expected number of periods needed to achieve a (u, ) decentralized
coalition, ET, is approximately 2" log a, when a and i are large. The speed gained is
exponentiaily increasing with decreases in the size of the subcoalitions, i.e. with the
number a, but it is practically indifferent to the number § of such subcoalitions.

The proof is in the Appendix.

'* To simplify computations in the following I assume x* = X__,. Obviously when x* < X, buth
the decentralized process and the centralized process proceed [aster to reach a coalition of
average critical mass. This is because when x* < X, the probabilily that x* coins come up
simultaneously heads is strictly large than the probability that all coins is a set ol cardinality x *
come up heads simultancously. Similarly, the formation ol & decentralized coalitions of §
players each summing up to cardinality x* within a larger group of cardinality X, >x* is
faster, so that the final result for x < X,.,, is not significantly aliered.
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9 Example 2. Gains from Decentralizing a Network

Consider fifteen players, divided into three disjoint sets (2 =3) denoted subcoali-
tions S, of five players cach (f=5). Each player within a given subcoalition
produces an externality worth 18 to all other players in the same subcoalition. Each
player in S, produces an externality worth | to players in other subcoalitions 8 for
p'#3. On average, the willingness to pay D(.) increases by [(18:4) 1 101/15=
82/15=5.5, with each new user joining the network. Willingness to pay for each
additional user (derived from the average externality) is thercfore 5.5. For
simplicity assume that average nclwork costs C(.) are constant €(x)=71.8. Since
14%5.5-77, and 13x5.5~71.5, the average critical mass x¥ required by the
network to break even is 14 players. However, a subcoalition of all five players
within one of the groups S, produces sulficient externalities to each other to “lock
in”, since 18 x 4 =72 > 71.8. As thesc five players pay the average cost, the network
breaks even. Each ol the five users has a positive payo(l, and thus an incentive to
stay in the network,

Consider now the expected number ET" of trials until all three five player
subcoalitions join the network, which is the Pareto efficient solution £, of
Propositions 1 and 2. By Proposition 6 this number is ET-2'log3~59. In
contrasl, the expected number of trials for an average critical mass of users (13) to
join the network simultaneously, is 21~ 16,384

The following corollary formalizes the remarkable gains from following a
decentralized approach to eoalition formation:

Corollary 13. The ratio of the expected number of trials to reach eritical mass with a
a, fi decentralized coalition to that required to reach it with a < f centralized coalition
is log /28« -1, |

10 Previous Literature

While networks and their critical mass have been analyzed before, the literature
has not examined so far the formation of coalitions of users which from to exploit
the externalities which each user produces to the others. This is the main focus of
the paper. The second focus is to explore heterogeneous externalities, and how
exploiting them increases dramatically the economic feasibility of the network.
Related literature on networks include Rohlfs (1974), Oren and Smith (1981), Katz
and Shapiro (1985), Farrell and Saloner (1985) and Heal (1990). All of these works
focus on different problems and look at them rom different angles than ours. Oren
and Smith (1981) examine the critical mass issue but they focus on the effect of
different pricing structures under the assumption that users maximize benefit
minus costs and a monopoly supplier maximizes profits. Katz and Shapiro (1985)
develop an oligopoly model in which consumers value “compatibility” between



194 G Chichilmsky

products, which they call network externalities. They study a different set of
problems: the social and private incentives for firms to produce compatible
products, or to switch between compatible and incompatible products. Similarly,
Farrell and Saloner (1985) study the problem of benefits to consumers and firms
from standardizing product. Heal (1990) studies Nash equilibrium usage patterns
of networks and their stability properties. These works have some points in
common with this paper, because thev consider user’s externalities, the critical
mass problem, and the non cooperative equilibria strategies of users in joining or
leaving a network. However, with the exception of Heal (1990) nane of these picees
examine the number of equilibria, nor their welfare properties in terms of Pareto
efficiency. Nor do they consider the global stability properties of such games. In
addition, onc of these pieces, including Heal's (1990), study how the solutions vary
with the size or knowledge of the plavers as is done here. Furthermore, none of
these works analyzes the formation of coalitions involved in the “start up” or
feasibility problem with heterogeneous users, nor the speed of convergence to a
solution, which we do in order to compare centralized and decentralized networks.
The interest of our formalization and results was pointed out by Rohlfs (1974), who
says that it is important to explore the “start up” problem as well as the differences
introduced in its solution by “non-uniform calling pattern”.

11 Appendix

Observation in Section 5

Proof. This observation is easy to establish. Conditions 2.1, 2.2, 2.3, 2.4 and 2.5
imply that the intersection of the two curves D(x) and C(x) exists and is unique. The
slopes of C(x) and D{(x) imply that at any quantity lower than x*, average cost
prices exceed user’s willingness to pay, leading to a drop in production under the
quantity adjustment process (2.6). At quantities exceeding x* the willingness to pay
exceeds average cost prices, leading to a tendency to increase output under the
same adjustment process. Similar arguments are used to prove instability under the
Walrasian price adjustment process in (2.7). It is immediate that ( p*, x*) is Pareto
inferior to (D{x* ~ &), x* +¢): this follows from the properties of the demand and
the average cost supply curves, since user’s utilities increase with the difference
between their willingness to pay and the average cost. |

Proposition 8

Proof. Consider the game allocation Ey, where each player plays the 0 strategy, i.e.
@(¥)=0 for all y in X. For any given player yg, 0=P(0, p" (1)) > P(1, 0" 1))
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because P(1, (o)) < 0 since Z @{ ¥) < x* so that average cost exceeds willing-
p
ness to pay. Since this is true for all y, in X, £, is indeed a Nash Equilibrium. This
Nash equilibrium is stable in the area of allocations where the sum of player's
strategies does not exceed x*—1. This is because at any game allocation ¢ with
¥ @(y)<x* -1, a player who is not in the network receives a zero payoll, which
cannot be improved by this player joining the network since in the latter case
payolfs are negative or zero. On the other hand a player who uses the network can
increase its payofl by playing the ( strategy instead, thus increasing its payoff from
a negative number to zero. Ej is therefore a Nash cquilibrium and its region of
stability consists of those allocation ¢ sarisfying Z pax*—1 FE is Parcto
inefficient. Consider now the network allocation £y in which all players play the
strategy 1, Le @(3)=1 for all y. Ey__ is clearly a Nash equilibrium: since by
assumption x* <X, every player will play strategy 1 when all others use the
network, as this leads 1o the maximum possible pavofl, namely D{Y .0 — C{¥ L00)-
Consider now any allocation @ where the sum of all player’s strategies is larger than
or equal to x*. Then at this allocation the optimal steategy for any player who is not
in the network (and thercfore receives a zero payott) is to join the network. Since
payolls are positive for network usage above x* and x* <X .., by joining the
network this player increases its payoff to a positive number, Similarly, a player
who uses Lhe network at the allocation ¢ cannot improve the payoft by playing the
zero sirategy, becanse a payoffs are lager than or equal to zero when the netwotk
usage is at or above x*. This shows that the area of stability of the equilibrium
Iy contains all allocations with @ with > @(x)=x* It is immediate to see that
the Mash Equilibrium Ey is Pareto optimal, since at Ey the maximum payoff
DX ) — Ol X5 18 achicved. | |

Proposition 9

Proof. The allocations £y and £y are both Nash equilibria: the proofis the same as
that of Proposition 2. The regions of stability have now decreased, because small
players do not believe that their use of the network will alter the price/willingness
to pay relation, and therefore the payoffs. Any allocation where the network is
used by a set of players of critical mass size, is now a Nash equilibrium. This follows
from the fact that players are small: if a player uses the network when the total
amount of users equals the critical mass, then it does not use the network, and has
therefore u zero payofT, it will not gain by joining the network because at the critical
mass the payoff is the same, i.e. zero. Consider now the case where at the eritical
mass payoffs are positive'?, Then no allocation where the number of payers equals

13 Note that with this definition the critical mass payoffs could be strictly positive; for example
this would oceur in Diagram 31 ©(x) goes between two horizontal steps of £{x).
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the critical mass is a Nash equilibrium. This is because at such an allocation, the
payoffs of joining the network are larger than those for not joining it, for any player

who is not already using the network.

Proposition 12

Proof. Define for any fixed 2 > 1, define the event

A;={The coins in group { have not come up heads in any of the first » trials}.

Then

{T>n}- D 4;,

i=1

P(4)=(1-(1/20)",

P(T>n)= Z P(A)~ 2 PHA)+ 3 PYA)..

iejak

Letting ¢ =1 (1/2)" we have

fri i f ol
P(T=n)= 1 T I|r."'— |: ; }-:‘3"— |: [; :Ica"

I"T—]+P{T:>1 +P(T=2)1
=14 | Hr.+( |I ll[c i ] * :: :||r.-3+c“‘]
l' o

(& y @ X
=1+ | I ]fj(] — 5 JJ::';’{I Foet)+ L 3 } ol ¢

or

Er-—ll{zﬁ—l}“‘:] |f ]amﬂhf ]-,f(m.cz;

If fis large then ¢> 1, and

E’r~3#‘[|f“'| |';],r2||: |3 (= 1}“‘1 ],faJ

v

(8)
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Now, for every g > 1

zl (—1)t+! |:.‘::]j;'—l+lf2+.,.1fa

so that

ET=2f[1+1/2+...1/a]~2Floga ()
if o is also large, .
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