Volume 84
Number 2
May 1994

Social Diversity, Arbitrage, and Gains from Trade:
A Unified Perspective on Resource Allocation

By GraciELA CHICHILNISKY

Reprinted from

THE AMERICAN ECONOMIC REVIEW

@ The American Economic Association



Social Diversity, Arbitrage, and Gains from Trade:
A Unified Perspective on Resource Allocation

By GracieLa CHICHILNISKY ™

People trade because they are different.
Gains from trade and the scope for mutu-
ally advantageous reallocation depend natu-
rally on the diversity of the traders’ prefer-
ences and endowments. The market owes
its existence to the diversity of those who
make up the economy.

An excess of diversity, however, could
stretch the ahility of economic institutions
to operate efficiently; this has recently been
a COMcern in regions experiencing extensive
and rapid migration, such as the United
States and the former Soviet Union. Are
there natural limits on the degree of social
diversity with which existing institutions can
cope? This paper will argue that there are. |
shall argue that not only is a certain amount
of diversity essential for the functioning of
markets, but at the other extreme, that too
much diversity of a society's preferences
and endowments may hinder its ability to
allocate resources efficiently. This will be
examined rigotously in the context of twe
classical forms of resource allocation: by
markets and by social choice or voting, ar-
guably those most frequently used in mod-
ern economies,

Until quite recently, diversity has been an
elusive concept. However, a precise mea-
sure of socia! diversity will be given here in
terms of the preferences and endowments
of individuals. This concept is robust to
small errors in measurements and is inde-
pendent of the units of measurement. |
shall establish that too much social diversity
in this sense can interfere with the efficient
performance of markets and with the
achievement of social choices.

*Department of Economics, Stanford University,
Sranford, CA 94303, and Columbia University. Support
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edged, s are comments from Geuoffrey Heal, Manucl
Tranenbere, and Lin Zhou.
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Shifting the angle of inquiry slightly sheds
a different light on the subject. If a society
allocates resources effciently, whether by
markets or by collective choices, then this
society must exhibit no more than a certain
degree of social diversity. There is therefore
an implicit prediction here about the char-
acteristics of economies that evolve mecha-
nisms for allocating resources efficiently:
they will have only a limited degree of social
diversity in my sense.

The precise degree of social diversity that
is consistent with the market reaching efhi-
cient allocations is described here by a con-
dition of fimited arbitrage. Intuitively, this
gauges the extent of the gains from trade.
This paper defines limited arbitrage pre-
cisely from endowments and preferences
and then defines the degree of social diver-
sity which it implies. It shows by means of
examples why limited arbitrage separates
those markets that have a competitive equi-
librium from those that do not. and why it
simultanecusly separates those economies
that have well-defined social choice rules
from those that do not.

From this analysis a unified perspective
emerges on the central question of resource
allocation. This is the exstence of a well-
defined connection between two classic
forms of resource allocation which have
been considered separate and almost antag-
onistic until now: markets and public
choices. The same limitation on social di-
versity links these two forms of resource
allocation. Limited arbitrage is necessary
and sufficient for the existence of competi-
tive market allocations. 1t is also necessary
and sufficient for the existence of well-
defined social-choice rules. One can actu-
ally translate one form of resource alloca-
tion into the other. The success of both
hinges on the same limitation on the social
diversity of the economy. The economies
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which are nhserved in practice, if successful
at cither form of resource allocation, will
exhibit a limited amount of social diversity.
Turning this proposition around. it imphe:s
that increases in diversity bevond this
threshold may call for forms of resource
allocation ditferent from both of the classic
forms.

I. Limited Arbitrage and Gains from Trade

An cconomy £ has H =2 traders and
N =2 commodities or assets: the trading
space is X =R"; without short sales X =
2"7. Each trader has an endowment {2, €
&Y, and a preference represented by uj:
Y — R, appropriately normalized.'

The existence of both competitive equi-
librium and social-choice rules is shown be-
low to depend on the relation between the
traders’ marker cones. These also provide a
framework for measuring social diversity,
One defines the ith traders market cone as
those prices at which all trading opportuni-
ties which yield unbounded utility gains
are unaffordable: D, ={peR"": ¥y A,
Cp, (y — Q) = 0}, where A, consists of net
trades with which the ith trader can achieve
unbounded utility increases A, =[y =R™
YA >0, wl, + Ay)> u () and
lim, .. u(Q, +Ay)==h; A, is called a
global cone.” The economy has limited arbi-
trage when there exists one price at which
no trader can afford unbounded utility in-
Credses.

Definition !: The market economy E has
{imited arbitrage when all its market cones
intersect: r'll,"i.LDr-%@_

LAl the coneepts and results in this paper are ordi-
nal: they do not depend on the utility representations
of the traders’ preferences. Therefore, without loss of
gencrality, | assume sup;, - owu{x)=2=. Throughaout,
Cx, ¥ i denotes the inner product berween x and p.

“This definition is with short sales, X = ®", Without
short sales, X =RY", the marker cone #D, is 3D, =
DO SCENE SCEYC N, and 6D, = D, otherwise, where
N={re®" 3 with fe 00 =104, and where S{F)=
o= BY e xRV with T, -1 =
e de bz=uffl) for all ¢, and ¥z, &R ¥ uiz)z
wle =z — a7 =0} (see Chichilnisky, 1991),
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These concepts were introduced in
Chichilnisky (1991, 1993b,c). The geometry
of limited arbitrage is simple: it means that
the traders’ global cones A, cannot contain
net trades which add up to zero: all global
cones A, must lie on one side of some price
hyperplane. Limited arbitrage relates to
gdins from trade, measured as the maximum
increment in the sum of utilities which the
traders can achieve by reallocating re-
SOUTCES!

gains from trade

i H
=G(E)= ﬁupl You(x)-uw()

vE= | h

where for all ¢, wlx)=u (0} and T (x,
-0,)=0.

PROPOSITION 1: An economy £ satisfies
limited arbitrage if and only if it has bounded
gains from trade, namely, G(E) < =,

For a proof see Chichilnisky (1991, 1994),

Figure 1 illustrates an economy £, with
two traders and two assets which has lim-
ited arbitrage. Its global cones are A, and
A, and the price line p leaves both on one
side. Net trade directions which lead to
unbounded utility gains are unaffordable by
all rraders from their initial endowments at
price p. Gains from trade in this economy
G(E|) are bounded.

The economy of Figure 2 does not satisfy
limited arbitrage: there are two directions
of net trades W, = A, and W, € A ,, vield-
ing unbounded increases in utility, and
which sum up to zero. Therefore, there is
no price p at which all net trades in A | and
in A, are unaffordable from initial endow-
ments. Gains from trade in this economy
are unbounded.

Section IIT shows that the boundedness
of possible gains from trade, which is now
known to be equivalent to limited arbitrage.
is fundamental to the existence of a compet-
itive equilibrium: it is necessary and suffi-
cient. Intuitively this is reasonable: an econ-
omy such as that in Figure 2, where traders
wish (0 take unboundedly large and op-
posed trading positions, cannot reach an
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Fioure 1. LiMiTED ARBITRAGE 15 SATISFIED

Nores: The mwo global cones lie in the half-space de-
fined by p. There are no feasible trades that increase
utiliies without limit; these would consist of pairs of
points symmetrically placed about the common initial
endowment, and such pairs of points lead to utility
values below those of the endowments beyond a given
distance from the inital endowments.

equilibrium. Desired trades are just too di-
verse to be accommodated within the same
£conomy.

II. Limited Arbitrage and No Arbitrage

[n financial markets an arbitrage opportu-
niry is the possibility of making gains at no
cost, or equivalently, by taking no risks. No
arbitrage means that such opportunities do
not exist. It provides a standard way of
pricing a financial asset, precisely so that no
arbitrage opportunities should arise be-
tween this and other related assets. Since
trading does not cease until all arbitrage
opportunities are extinguished, at a
market-clearing equilibrium there is no ar-
hitrage.

The link between limited arbitrage and
no arbitrage is clear in an economy E with
zero endowments, (0, =0 for i=1,2. No
arbitrage at the initial endowments means

SOCIAL CHINCE AND ECONOMIC THEORY 1240

Frouee 2. LiviteDn ArmrmraceE Does NoT Howp

Mates: The global cones are not contamed in i half-
space. and there are sequences of feasible allocations
such as (W, W) (W, W) which lead to unbounded
utilities.

that no trade can increase the traders” util-
ity at zero cost: gains from trade in £ must
therefore be zero. By contrast, £ has lim-
ired arbitrage when no trader can increase
utility beyond a given bound at zero cost:
gains from trade are bounded, as seen in
Proposition 1. No arbitrage rcquires no
gains from trade at zero cost. Limited arbi-
trage requires that only bounded or lmited
gains can be achieved from trade.

The two concepts are related but
nonetheless guite different. No arbitrage
describes an allocation at which there is no
further reason to trade. If applied at the
initial allocations it means that the economy
is autarchic, and not very interesting. In-
stead, limited arbitrage applies to the econ-
omy's initial data, the traders’ endowments
and preferences. It does not imply that the
economy is autarchic: quite to the contrary,
it is wvaluable in predicting whether the
sconomy can ever reach a competitive
equilibrium, by examining the economy’s
initial data.
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1I. Limited Arbitrage and Market
Equilibrium

Limited arbitrage identifies fully those
cconomies which have a competitive market
equilibrium.” | consider competitive market
allocations because they are Pareto effi-
cient. which makes them desirable for re-
source allocation; other lesser concepts of
equilibrium are not.* A competitive equilib-
rium is a price p® and an allocation
£7...x7 €RY*H such that each trader i =
l..... H maximizes utility within a budget,
u(x®)=max[ulx)] for x = (y 2 R
{p* y—0,=0} and all markets clear,
TH (x*—0,)={0} It was established in
Chichilnisky (1991) that with® or without®
short sales the following proposition holds:

PROPOSITION 2: The economy E has a
comperire fquifr'bn'uzn if and only if it satis-
fies limited arbitrage.’

The proof is in Chichilnisky (1991).
Limited arbitrage is the first necessary
and sufficient condition for existence of a
competitive equilibrium in economies with
ar without short sales, with finite or infi-
nite commodities (Chichilnisky, 1991;
Chichilniskv and Geoffrey Heal, 1992).

“The traders’ preferences must satisfy w;: X =R is
continuous, concave, =y =ualelzuly), 0 d=0,
and mild regularity conditions in footnotes 6 and 7.
Cobb-Douglas, constant-clasticity-of-substitution,
strictly concave, linear preferences and preferences
with indifferences which interseet the axis are included.

Quasi-equilibrium and compensated equilibrium
ate not generally Pareto efficient (Kenneth Arrow and
Frank Hahn, 1971),

*With short sales the trading space is X = R", as-
sume that preferences are smooth (C*), 3, K > 0 ¥x
=RY, |Dwlx ) = e and |D?ulx)l < K, and the set of
directions of gradients of an indifference surface which
is not bounded below is closed,

"Without short sales X =EY*; assume that if an
indifference surface of positive utility intersects the
boundary of B¥*su do all indifference surfaces of
higher utility.

Without hounds on short sales, trades are in the
positive arthant B¥*, and the market cones are slightly
different. denoted #0, (see footnote 2). Limited arbi-
rrage always means the same: all market cones inter-
sect, (17040, 253
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Other sufficient conditions in finite or infi-
nite dimensions are in Chichilnisky and Heal
{1993). It is intuitively clear that limited
arbitrage is needed for an equilibrium to
exist: otherwise traders with very diverse
preferences wish to take unboundedly short
and long positions against each other (see
Figure 2). Desired trades are too diverse
to be accommodated within the same
CONOMY.

It may seem surprising that limited arbi-
trage is also necessary for the existence of a
competitive equilibrium in economies with-
out short sales (X =HR""). However, the
failure is the same with or without short
sales: equilibrium fails when traders wish to
take unboundedly large positions which the
bounded resources of the economy cannot
accommeodate. Paradoxically, without short
sales this occurs when some of the traders
have zero income. Arrow and Hahn (1971)
constructed a standard economy with no
competitive equilibrium: one with two
traders and twao goods, without short sales.
and in which preferences are continuous,
concave and increasing, Trader 1 owns only
the first good, which trader 2 does not like.®
The second trader has strictly positive en-
dowments. At an equilibrium the second
trader does not trade, the first good is free,
and the first trader has zero income. Trader
1 likes the first good. which is free.” There-
fore there can be no competitive equilib-
riumm: no allocation can maximize the first
trader's utility when the first good is free.
This example can be extended to economies
with any number of traders and of goods,
and in which some traders with positive
income wish and can afford unbounded po-
sitions. Arrow and also Lionel McKenzie
(1959) introduced resource relatedness and
irreducibility to solve the nonexistence prob-
lem: their conditions ensure that all traders
have nonzero income by restricting diver-
gences in tastes and in endowments. They
are sufficient but not necessary for existence

“That is. Wa=0 and ¥Yr.yERufe+-a yi=
u-lx, ¥)
"This is. ¥x.v =R and ¥Wa= dufr+a vz

TRES T



VOL. 84 NO 2

since an equilibrium can exist even though
some traders have zero income. It shqu[d be
obvious by now why the failure of existence
is the same in economies with or without
short sales. The failure originates from some
traders wishing to take unbounded positions
which a bounded economy cannot accoll-
modate. An interesting angle on this 1:!_[01.1-
lem is that. without short sales, the failure
of existence occurs when some tradelrs h_a‘-'e
zero income because what they own is of no
market value,

It turns out that the existence of a com-
petitive equilibrium is decided within sets of
at most N +1 traders. In an economy E
with 4 traders, each subset of traders #
{1... 4} defines a subeconomy E, of E.

PROPOSITION 3: The economy E has a
competitive equilibrium if and only if every
subeconomy E, with at most N +1 rraders
does, where N is the dimension of the trading

space.

The proof is in Chichilnisky (1991, 1993c).

The easiest way to visualize the connec-
tion between limited arbitrage and the exis-
tence of an equilibrium s in an economy £
with two traders with linear utility func-
tions'" and with short sales. Such an econ-
omy has a competitive equilibrium when
and only when the two traders’ preferences
are identical; otherwise it is always possible
to find a sequence of affordable trades along
which the utility of both traders increases
without bound, such as that illustrated in
Figure 2. This economy £ has limited arbi-
trage precisely when the two linear prefer-
ences are identical, and only then: the global
cones A, and A, of linear preferences are
half-spaces, and the market cones D, and
D, are half lines defined by the prefer-
ences' gradients. The market cones inter-
sect if and only it the two gradients are
identical. Therefore this economy has a
competitive equilibrium if and only if it sat-
ishies limited arbitrage.

"MUtilities are linear when Yo, B =R, wlax + 8y}
=gu v+ Julv)
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Simple nonlinear examples can also be
given, such as that of Figure 2. which illus-
trates an economy without limited arbi-
trage. At anv prices there is a sequence of
affordable trades (W W), _ . in Figure
2, along which the traders can achieve un-
bounded utility levels, so that no competi-
tive equilibrium can exist.

There are standard sufficient conditions
that ensure the existence of a competitive
equilibrium, such that no indifference sur-
face intersects the boundary of % ¥, or that
all traders have a strictly positive endow-
ment of every single pood. These are very
strong conditions, and Arrow and Hahn
(1971 p. B0} find them “unrealistic.” In
any case all these conditions imply limited
arbitrage, because being necessary for
existence, limited arbitrage must be satis-
fied by any economy that has a competitive
equilibrium.

IV. Social Diversity, Limited Arbitrage,
and Efficient Markets

What if the economy does not have lim-
ited arbitrage? Then it is socially diverse.

Definition 2: The economy E is socially di-
rerse when N f D =2,

This concept is robust under small errors
in measurement and is independent of the
units of measurement or choice of nu-
meraire (Chichilnisky, 1993c). If £ is not
socially diverse, all economies sufficiently
close in endowments and preferences have
the same property: the concept 15 struc-
turally srable. Social diversity admits differ-
ent “shades™, these can he measured. for
example, by the smallest number of market
cones which do not intersect:

Definition 3: The economy £ has index of
diversity NE)=H - K if K+1 is the
smallest number such that there exists a
subset of traders T = {l... H) with cardinal-
ityof T=K+1,and N,.+D =2,

The index f{E) ranges between (1 and
H —1: the larger the index. the larger the
social diversity., The index 15 smallest when
all the market cones intersect: then all



e, AEA PAPERS AND PROCEEDINGS

social diversity disappears and is replaced
by limited arbitrage. Proposition 2 implies:

PROPOSITION 4 The index of social di-
versity is [LEY if and only if every subecon-
oy of £ with H— 1 EY traders has a com-
petitive equilibrium,

%. Limited Arhitrage and Social Choice

It turns out that limited arbitrage, or the
absence of social diversity. is also crucial for
achieving resource allocation via social
choice. Social-choice rules allocate re-
sources by assigning a social preference
du,...u,) to each profile (u,...uy) of
individual preferences'' of an economy E,
in a way which respects ethical axioms. The
social preference ranks allocations in B aand
and is used to locate an optimal allocation.
This procedure requires, of course, that an
appropriate social choice rule ® should ex-
ist: the role of limited arbitrage is important
because it ensures existence. This was
demonstrated rigorously in Chichilnisky
{1993b). and will be illustrated below,

There are two main approaches to social
choice. One is Arrow's: his axioms of social
choice require that the rules © be nondicta-
torial, independent of irrelevant alterna-
tives, and satisfy a Pareto condition. A sec-
ond approach requires instead, that the rule
& be continuous, anonymous, and respect
unanimity (Chichilnisky, 1980, 1982, 19493b).
Though the two sets of axioms are quite
different, [ show below that limited arbi-
trage is nevertheless closely connected with
both. The connection is provided by the
equivalence between limited arbitrage and
bounded gains from trade (see Proposi-
tion 1)

Arrow's (1963) impossibility theorem es-
tablished that a social-choice rule ® does
not exist in general, the problem of social
choice has no solution unless individual
preferences are restricted. Duncan Black

"In E the traders' preferences are defined over
private consumpton, ;B ¥ & however, they define
automancally preferences over allocations in RY#H.
afa aglzalyvgdealodz=udy

WAY [9dd

( 1%48) established that “single peakedness”
of preferences is a sufficient restriction. Us-
ing different axioms, Chichilnisky (1980,
|982, 1993a.b) established that a social-
choice rule @ does not generally exist.
Chichilnisky and Heal (1983} established for
the first time a necessary and sufficient re-
striction for the resolution of the social-
choice paradox: the g-oruracn'beﬁ:}' of the
space of preferences,'” which can be inter-
preted as a limitation on preference diver-
sity (Heal, 1983), In all cases, therefore, the
problem of social choice is resolved by re-
stricting the diversity of individual prefer-
ETICES,

I shall show next that the traders’ prefer-
ences in the economy £ satisfy limited
arbitrage if and only if they contain no
Condorcet triples of large utility values. Con-
dorcet triples are building blocks of Arrow’s
impossibility theorem and are at the root of
the social-choice problem. Thus limited ar-
bitrage eliminates the source of Arrow’s
impossibility theorem for choices of large
urility values.

Definition 4: A Condorcet triple 1s a collec-
tion of three preferences over a choice set
Z. represented by utilities u,; Z—Ei=
1,2.3, and three choices a, B, and y within
a feasible set Y = Z such that ufa)>u ()
> uly), uly) > usla)> us(B) and Bl =
uyly)=ulal

Within an economy E, the social-choice
problem is about the choice of allocations:
choices are therefore in Z = &% "% An allo-
cation {x,... xy)is feasible if L(x, - )=
0. Preferences over allocations are in-
duced naturally by the traders’” preferences
over private consumption defined above:
ufx . .xglzuly,. ygleul)zulyl

Definition 5: The economy E with pre fer-
ences (u,...u,} has Condorcer triples of size
k if for every three preferences uy,uf, uf €

A space X is contraclible when there exists o
continuous mag f; X =<0, 1] — X and 1, € X such that
W fla,0b= 5 and fla, 1= g,
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(. “H} there exlst three feasible alloca-
lJ'ur‘I% _tf.\'. ﬂ" a?‘h EI _{311ﬁ"’| ﬁl

and ¥ ={y,.?i,y3} which define a Con-
dorcet triple, and such that each trader
acWieves at least a utility level k at each
choice: min, _, » dlef (el (B u v}
=N

The following shows that limited arbi-
trage climinates Condorcet triples on mat-
ters of great importance, namely on those
with utility level approaching the common
supremum  of utilities, denoted § =
sup,, - 7 1 {x 0" The result uses the fact
established in Proposition 1 that limited ar-
bitrage is equivalent to bounds on gains
from trade:

PROPOSITION 3: Let E be a market econ-
amy with no bounds on short sales and H = 3
traders. Then £ has social diversity if and
only if its traders’ preferences have Condorcet
triples of every size.

Equivalently, £ has limited arbitrage if and
only if for some k =1}, the traders’ prefer-
ences have no Condorcet triples of size ex-
ceeding § — k.

PROOF:

Let £ have limited arbitrage. For each
k=0, let (a¥ X y%) e R*™M*H and
uf ot uf clu, ... uy) be a Condorcet triple
of size k. Without loss assume that ¥, {}, =
0, and choose a utlity representation:
Yi.sup,.. ..,y 4,(x)=2= By construction
the three dliuﬂduons are feasible ¥k [e.g..

a® —{al,uj{ DYe RN, El_l[uf} 0], and
].l.mk_.z[mlnl_| 21,( r{ﬂ,] u{(ﬁf‘] U [.A":H]_
=, There exist therefore three traders, call
them |, 2, and 3, and a corresponding se-
quence of allocations (8%),_, , =
(6% 8%.8%), _, . such that ¥k, I/1, H*-U
and V:-I L sup, . u85) == Thl:-, im-
plies that E has unbounded gains from

134 1 1

VSinge all concepls here are ordinal. without loss of
penerality [ can assume that for all &, sup, -z 6 lxb
=aupy, opulil=58
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trade. which contradicts Propasition .
Therefore £ cannot have Condorcet triples
af every size.

Conversely, if £ has no limited arbitrage,
for any three traders, called 1, 2, and 3, with
preferences u, w.. and u,, there exist three
different vectors in BY, a,= A,,a-= A..

@, € A, which are part of a feasible alloca-
tion (d,.d,,.... ay). £, a, =0. For any
integer & > 0, and small £ > 0 consider the
vectar A=1g, .., £) ET&"_"'dnd the follow-
ing three allocations: a* = '[.k:r,. ka. —
24, kas +2A kay, ... ka,), Bt = Uaz, -
Aka, ka,+ A ka,, .. ka,)and y° =(ka,

=TA Kai &, ka4, ka,,.. . ka,) each
allocation is feasible (e.g., ka, ~ ka, -
2A + ka. +2A + ka,+ - + kay =

k(LN 1, y=0). For ea{:h fc >1{ the three
allocations e, #*, and y* and the three
utilities My, Uy, and u, define a Condorcet
triple of size mik ), with lim, ., mik)==

Turning now from Arrow’s approach to
the second approach to social choice
{Chichilnisky, 1993b,c), the link connecting
markets with social choices is still very close
but takes a different form: the contractibil-
ity of the space of preferences. which is
necessary and sufficient for continuous
anonymous rules which respect unanimity
{Chichilnisky and Heal, 1983), is shown 1o
be equivalent to limited arbitrage (Chichil-
nisky, 1993c). Therefore, limited arbitrage,
or equivalently the lack of social diversity, is
necessary and sufficient for resource alloca-
tion via social-choice rules. Formally: let P
consist of all those preferences which are
similar to those of the market economy E,
in the sense that their gradients are in the
intersection of the market cones of the
traders (see Chichilnisky, 1993b.cl Intu-
itively, a preference is similar to that of
trader { when it prefers those allocations
which assign ¢ a consumption vector which
u, prefers:

THEOREM 1. 4 contmnuous anonymous
social choice rule ®: P¥ — P which respects
unanimity exists for every k = 2 if and only if
the economy E has limited arbirage.

For a proof see Chichilnisky (1993b),
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