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Abstract. This paper revisits the aggregation theorem of Chichilnisky (1980},
replacing the original smooth topology by the closed convergence topology and
respending 1o several comments (N, Baigent (1984, 1985, 1987, 1989), N. Baigent
and P. Huang (1990} and M. LeBreton and J. Unarte (19%0a, b). Theorems 1
and 2 cstablish the contractibility of three spaces of preferences: the space of
strictly gquasiconcave preferences P, ils subspace of smooth preferences
P3-, and a space P, of smooth { not necessarily convex ) preferences with a unigque
interior critical point (a4 maximum). The results are proven using both the closed
convergence topology and the smooth topology. Because of their contractibility,
these spaces salisly the necessary and sufficient conditions of Chichilmisky and
Heal (1983) for aggregation rules satisfying my axioms, which are valid in all
topologics. Theorem 4 constructs a family of aggrepation rules satisfying my
axioms for these three spaces. What these spaces have in common is 4 unigue
maximum {or peak). This rather special property makes them contractible, and
thus amenable to aggregation. However, these apgregation rules cannot be ex-
tended to the whole space of prelerences # which is not contractible and therefore
does not admit continuous aggregation rules satisfying anonymily and unammily,
Chichilnisky (1980, 1982). The results presented here clarily an erroneous example
in LeBreton and Urdarte (1990a,b) and respond to Baigent (1984, 1985, 1987)
and Baigent and Huang (1990} on the relative advantages of continuous and
discrete approaches Lo Social Choice,

1. Introduction

Reecenl papers by Baigent and Huang (1990) and Baigent (1984, 1985, 1987), Le-
Breton and Uriarte (1990a, b), make interesting comments on some of my the-
orems in Social choice and on other results following my approach. Baigent and
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Huang (1990) and Baigent (1985, 1987) reinterpret my results in a discrete frame-
work, and argue in favor of the discrete approach as preferable to the formulation
of Social Cheice problems in a continuous fashion, T argue here that both ap-
proaches are useful, but the continuous approach scems necessary 1o abtain
certain fundamental results, such as necessary and sufficient conditions for re-
solving the social choice paradox (Chichilnisky and Heal 1983), results which
could not be obtained in a discrete framework. In addition, a continuous ap-
proach allows the use of calculus and topelogy and thus helps bridge the gap
hetween social choice and the theory of markets, e.g. Chichilnisky (1990b). This
cannot be achieved with the discrete approach. LeBreton and Uriarte (19904, b)
argue in favour my topological approach but attempt to test the robustness ol
my results by changing the topology to the closed convergence lopology and
claiming to construct a counterexample. This they attempt to do by construcling
an apgregation map which satisfies my axioms on a space of strictly quasiconcave
preferences denoted Pyq,. a space which they claim “is identified with” a sphere
(page 5, line 8), while my theorem proves that spheres do not admit such aggre-
pation maps (Chichilnisky 1982). Their argument is flawed because of a topo-
logical miscalculation: their claim that Py, is a sphere is incorrect. Theorem |
establishes that P, 18 & contractible space, both in the closed convergence and
(its smooth version P35, ) in the smooth topologies. Because of its contractibility,
P, cannot be identified with a sphere. Contractibility is also why Fyeq, admils
aggregation maps respecting my axioms: this is the result praved in Chichilnisky
and Heal (1983). Their example is therefore a corollary of the Chichilnisky-Heal
1983 theorem. thus showing the robustness of our results when the topology is
changed and the closed convergence topology is adopted. Theorcms | and 2
establish the contractibility of Py, by constructing a deformation retract of Py
into a space of one-peaked preferences which is, in turn, homeomorphic to the
choice space X. Since the choice space X is convex, Poo is contractible, and
definitely not a sphere. Theorem 2 cstablishes the sume result for the space of
smooth preferences in Py, denoted FPg.,. and also for a space P, of non convex
smooth preferences with a unique maximum. All these spaces have one thing in
common: they have a unique interjor critical point, a maximum, on X (also called
one peak). This special property makes them contractible, and amenable to social
aggregation’. Theorem 4 constructs (always within the space of one peaked pref-
crences) a large family of convex-type aggregation map respecting unanimity and
anonymity and continuous under both topologies, for Py, P and P, These
maps are different from the maps proposed by LeBreton and Uriarte, because
the latter are not well defined on smooth preferences. The existence of such
convex-like agerepation maps cxhibits clearly the special structure of the space
of preferences Py, and explains its restricted nature. Tn contractible spaces there
is no difficulty in finding appropriate aggregation maps: this is the result in
Chichilnisky and Heal (1983), which is true for any topology. The problem
emerjzes when trying Lo construct appropriate aggregation maps for the whole
space of preferences, which is not contractible. The space of all preferences does
not admit aggregation maps satisfying my axioms {Chichilnisky 1980), nor do
LeBreton and Uriarte attempl 1o construct one. Therefore, their work does not
really deal with the robustness of my impossibility results; it simply shows that

' Indeed, the space ol smooth preferences wilh either a unigue maximum or a unique minimum
on X, is noid contractible,
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we can aggregate preferences over restricted domains. This is of course well known
since Lthe work of Black in 1948, and the necessary and sufficient conditions of
Chichilnisky and Heal (1983). No new information is provided by constructing
aggregation rules for spaces of contractible preferences.

2. Robustmess of the impossibility theorem

Definitions. Let the choice space X be a closed convex subset on R7. The space
Py, is defined as the space of strictly quasiconcave continuous preferences on
X with the closed convergence topology. P, is the space of smooth preferences
in Py.,. where a smooth preference is one which is represented by a 7 real
valued function defined on a neighborhood of X, The space of smooth preferences
P, is defined as those smooth preferences p with a single interior critical point
P in X, 8 maximum, and which are regular under the radial coordinate system
of X—p,.°. All these spaces of preferences can be described as “one peaked™ in
the sense that they have a single local maximum, and their minima are necessarily
in the boundary of X"

Note that Py, which is the space used in LeBreton and Uriarte (199%0a) 1s
an incomplete space: many Cauchy sequences in Py, converge 1o poinls outside
ol Py For example, linear preferences are the limit of prefercnces in P, but
are not contained in Pyon. Similarly quasiconcave (ruther than strictly quasi
concave) preferences are the limit of strictly quasi concave preferences but are
nol conlained in the space Pgon. The aggregation rule proposed by Le Breton
and Uriarte does not extend to quasiconcave preferences, nor to spaces with
multiple-peaked preferences. An analogy with the single peaked profiles of pref-
erences may prove useful here, Tt has been known since the work of Black in
1948, that a solution Lo the aggregation problem can he found within the space
of single peaked profiles. The problem has always been that the ageregation rules
which one obtains for such preferences do not extend to larger classes of pref-
erences. As soon as the class of profiles is enlarged the prool, which relies crucially
in singlepeakedness, nor longer holds, and the existence theorem is lost. Tn par-
ticular, the spaces of all conlinuous or smooth preferences which have proven
so useful to analyse properties of markets and of spaces of prelerences, are
excluded from this approach.

A similar problem arises [rom LeBreton and Uriarte’s result. They find a
conlinueus, anonymous aggregation rule satisfving unanimity, but only for a
restrictive space of preferences Pg.,. Their construction does not gencralizc Lo
the space of all continuous preferences. As already mentioned the space P is,
furthermore, incomplete, in the sense that Cauchy sequences of preferences in
Pye have limits outside Py, Continuity properties in such an incomplete space
are of limited interest. Continuvity of a function f requires that if a sequence
(x,)—=x, then f(x,)— f(x). When the condition that {x,)—x is not satisfied,
because of incompleteness, then the continuity requirement is empty. Continuily

* “This is the standard radial coordinale system in " with the orgin shifted to p, . Regularity
of & C* [unction f:X—R in this coordinate system implies that its derivative Df on X—p
with these coordinates does not vanish, and in particular an indifference surface of f intersects
each line { through p, al one point.

* Note that profiles of *one peaked preferences” need not be “single-peaked profiles® us defined
usually in the social choice literature,
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“looscs its bite”. Tt is much easier to obtain continuity, because it is more difficull
to obtain convergent sequences in an incomplete space. The whole meaning of
conlinuity in such a space is questionable.

Picq 18 also topologically trivial or contractible. Our next step is Lo establish
the topological structure and in particular the contractibility, of Pyoq. Recalling
that the impossibility theorem in Chichilmisky {1980) and the characterization in
Chichilnisky and Heal (1983) show that the topological complexily of the space
of all preferences obstructs the construction of social choice rules, il comes as
no surprise that the problem of appropriate aggregation does not exist in this
topologically trivial space.

Theorem 1. The space of strictly quasiconcuve preferences Pyeg on a compact convex
choice set X © R™ with the closed convergence topology is contractible.

Proof. The proof consists of showing that Fy., admits a deformation retract®
onto a space of preferences which is in turn homeomorphic to the space of choices
X. X is a convex set and in particular contractible. Therefore Py, is also con-
Lractible. The deformation retract H continuously deforms the space Pyeq Into
the space S of “standard” one-peaked preferences, which are defined as those
one-peaked preferences having as indifference surfaces concentric spheres around
the single peak (intersected with the choice space X 3. By mapping cach preference
to one which is the “standard” preference with the same peak, we obtain a
deformation retract of Py, inlo the space 5 of standard one-peaked preferences
on X, which is clearly homeomorphic to X itsell. Pgcq, is thus contractible.

The first step is to represent a preference in Fy, by a couple consisting of
its peak and a family of functions difining its concave indifference surfaces.
Formally, let Uz Pyog— Useo be the continuous ulility representation tor Porn
which exists by Theorem 1, page 137, of LeBreton and Uriarte (1990a). U(p) is
also denoted 1 . Without loss of generality we may assume thal all utilities in
Uern Assume the minimum value 0 and the maximum value | on the compact
set X. By the mean value theorem they will assume all values in the interval [0, 1].
Now assign to any p in Py, a pair (x, f), where x g X is the peak of p, and [
is a continuous function from the unit interval [0, 1] into C{8" ', R™), the space
of continuous functions from §* ' to R" endowed with the sup norm. For each
t. £(1), also denoted f,, is a continuous function from the unit sphere S* ' to
R” so that f: [0,1]=C(5" ', ) is a continuous path of such functions. For
each ¢ in [0, 1], define f, e C(5" ', R") by:

f{a)=R, ~Bdry(ye X:u,(y) > 1},

where s, = U(p), and where R, is defined as the ray with origin x in the direction
a if x e X° and as its projection on Bdry X il x € Bdry X; when R, = {x}, then
S )=x. see Fig. 1.

1A retraction r+ X—AC X is a continuous map such that when restricted (o A, it is the identity
map, i.e rfd=id: 4= 4 A subser 4 of a space X in a deformation retract of X il there exist
a retraction map ri ¥— 4 and a homotopy f: X [0.1]— X such that for all xe X, /'(x, U)=x,
fix ly=rix), and fia, ()=aforall ae A, and all ¢ [0, 1]. If A is a deformation retract of
X, then for all n, the inclusion map it A—X induces an isomorphism of the a-th homolopy
groups 4 and of X, se¢ Spanier (1966), Theorem L3, Chapter 1.4,

* Bdry (¥) denotes the boundary of the set ¥.

¢ ¥ denotes the interior of the set X,
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Fig, 1. The shaded area represenis (he sel {pe X 14, [ ) = th

Let F={g:¢:[0,1]=C(5" ', R"). ¢ conlinuous }, and endow X = F with the
product topology. The procedure constructed above defines a map /™: Py, = X F
which is continuous by the strict quasiconcavity of the preferences in Py, I is
a representation of preferences by peaks and by families of functions giving their
indifference surfaces. For each peak and family of functions (x, /) in I'(Pero),
we can construct a preference p mapping inito it, i.e. such that £ (p)=(x, ). This
defines a map f7 from ['(X < F) back into FPio,, which is a left inverse of I,
Formally, for any (x. f')e I (Pocg), let IT(x, ) be the preference p with the
(single) peak x and such that for all y € X, the set of points p, preferred to ¥ in
X is the convex set bounded by the image in X of the sphere $"~' under f,, for
t=u (y), }'{uﬂ)=up € U In other words, [T maps any (x, /) in the image of
Por, into the preference with (a single) peak at x and having as indifference
surfaces { /(5" ")}, ¢ €[0,1]. The map {7 is clearly continuous on the I'( Pgn).
The compasition of the maps I and I7, indicated by the diagram
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£
I'(Psco) — Fsco

r‘[ ’f/"
Py m,r

and denoted ¥ =T o5 : Pory— Poco 18 continuous under the closed convergence
topology on Pyqg, and it maps any preference p in Py into itsell, The nexl slep
is to deline a deformation retract H from Py, onto the space of “standard”
preferences §. This is achieved in several steps. First define the map
T: X% F>I(5)cXxF to be the continuous map T(x, Fy=(x, 1d), where id:
§n 1[0, 1] R" is such that for all t£[0.1]

id,: §"" !~ Bdry (B " X) .
id, () =R, ,~Bdry(B; A X) |

-

Fig. 2. The map id,: 5% '—Bdry {87~ X}, Note that id, (z)=x for all & in 57 ' ie id, maps
S inlo {x}

where B" is the n dimensional ball of radius @. ¢ centered at x, and By is a ball
of radius @, the smallest ball centered in x which covers X, see Tig. 2. Next we
define a retraction R which maps Pgeq, into its subspace S consisting of standard
preferences, by the diagram

Poco —> T'(Pscg) —+ T'(S) — §

ie. R(p)=HoTeol(p). Then R:Fgep—5 and R(p)=p for all pe & The re-
{raction R assigns to each preference in Py, the “standard”™ preference with the
same peak, and S is invariant under R.

Finally we construct a deformation retract ol Py, onto S, 1.¢. an homeotopy
H: Pocq [0, 1] Py, which is the identity map on Py when 2 =0, and the
retrachion R onto S when 4 = 1. This map consists of representing a preferences
(via 1) in the space X F, then gradually deforming within X< £ the indifference
surfaces of each preference until they hecame spheres, and then prajecting the
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result (by f7) back onto the subset § of Py, Formally, for each A [0, 1] and
Pe Pyt
Hip.A)=H<Q, I (p) .
where
Q. (x, H=(1-ay/+1id ,
and

(5, f1=T(p} .
and where A f is defined by (L) (2)=247(r) for all r € [0, 1]. Tn other words,
HipAM)=Hix.{1-4) f+id)e P,

rip=xs0) .
Then for all p in £y, and all x e [0, 1], 77 is continuous and it satisfies:

H{pM=I(x.fi=p

Hip, 1)=1T(x,id)=R(p)e §
and

Hip.t)=p forall peS§.

Therefore IT defines a deformation retracl of P, ., onto 5C Py, The space §
15 clearly homeomorphic to the choice space X Since X is convex, X is contract-
ible. Therefore so is §. Since Fy., has § as a deformation retract, it follows that
Poeqy 18 contractible too (Spanier 1966). O

Observation. We have shown that the space £, is contractible with the closed
convergence lopology on preferences. Therefore the statement made by LeBreton
and Uriarte that the space Pgq is “identified with™ "1 {0} (Page 5. line B),
is nol correct, since §* 'w{0} is not contractible. It is possible that what these
authors meant, instead, is that the space Py, is equivalent to $° ' {0} in the
smooth topology that | ulilize, since they use the words “locally equivalent to
S~ ' {0}”. However, even with this interpretation their statement is incorrect.
Their space Py consists of one-peaked preferences which may not have a well
defined gradients at each point, while the topology which 1 utilize, which coincides
with one used in Debreu {1972), requires well defined gradients [or its definition,
Typically the preferences in Py, have “kinks™ in their preferred sets, for oth-
erwise the operation of taking the minimum of two strictly quasiconcave func-
tions, which is the aggregation map defined by LeBreton and Uriarte, would not
map inta their space Pyon. These kinks prevent the definition of a “most preferred
direction™ (i.e. gradienls) and therelfore makes it impossible to define the smooth
topology, which is the topology commonly used on smooth preferences. In sum:
Poco cannot be a sphere with the smooth topology since the smooth topology is
nol even defined on P,,. Therefore the statement that the space Py, is equiv-
alent o a sphere plus a point, in either the closed convergence topology which
they use or in the smooth topology which T utilize, is incorreet. Tn an effort o
clarify the matter I consider vet a third possible interpretation of their statement:
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that the space of smooth preferences in Poog, denoted P3.,. could be a sphere,
Yet this is also incorrect as the following result shows:

Theorem 2. The space P, of smooth ene-peaked preferences on the convex choice
X with the smooth topology is contractible, and so is its subspace P, of strictly
quasi concave smooth preferences.,

Fig. 3. Deforming a non-convex smooth preference in £

FProof. This follows from the prool of Lemma 1, observing thal the delormation

retract A in Theorem | is also a continuous map under the smooth topology of

Chichilnisky (1980}, when restricted to the spaces Pb. and £y, see Fig. 3. o
SCo

The necessary and sullicient theorem of Chichilnisky and Heal (1983) proves
the existence of a continuous anonymous aggregation rule for any number of
voters, if and only if the space of preferences 1s contracuble. As a corollary of
Theorem 2 and of the 1983 theorem we have thus obtained:

Theorem 3. The spaces of preferences Poeo, Pive, and Py all admit contimous,
ananymous aggregarion rules respecting unanimity for any number of agents.

Proof. This is a corollary from the necessary and sufficient conditions in Chi-
chilnisky and Heal (1983). O

The paper by LeBreton and Uriarte exhibits one continuous map satisfying
unanimily and anonymily on Fyoq. However, as already noted their map is not
well defined on P, because it consists of taking the minima of two maps, and
in general smoothness is lost. IUis of interest o construct examples of well defined
maps which map profiles of smooth preferences into smooth preferences satisfying
the desired axioms. The following Theorem constructs a family of such maps for
spaces of smooth preferences including preferences which are not necessarily
CONYEX.



Social choice and the closed converpence topology il

Theorem 4. For any k = 0, and any positive vector A =(},,..., 4, ) € R* satisfying
Zh. =1, let ¢, (Pocr Y = Poco be defined by &, (py...., po)=2X, oL (p), where I’
is as in Theorem 1, and X, [(x,, '), ...(x., f5)]= (ZAx, ZA, 'Y, Forany k =0,
and each ). define similarly ¢} :(PF)y—= P, as Z, o0 Then ¢, and ¢; are well
defined, anonymous end respect wnanimity. ¢, is continuous with the closed
convergence topology, and ¢ | is continuous with the smooth topology.

Proof. This follows from the properties of Mand of £,. O

A last comment on LeBreton and Uriarte will clarify their use of the words
“local” and “global”™ when referring to my and their approach respectively. Their
paper does not give a reason for this notation, which could be inadvertedly
misleading. Their notation of “local” for my approach suggests for example that
the gradient of the social preference at ome point may depend solely on the
gradients of the individual preferences at the same peint. This is nol correct,
Acceptable aggregation rules in my approach may assign two dillerent gradients
at one choice x to different profiles of preferences, even when hoth profiles have
the same gradients at x, provided that at another choice y the gradients are not
the same. This shows that acceplable aggregation rules take into account Lhe
gradients ol the profiles everywhere (globally) and not just at a single poinl,
when finding the gradient of the social preference at that point. My approach is
global rather than local, Tt is also clear that the lopology T use, which coincides
wilh one utilized in Debreu (1972) when studying smoolh preferences in the
context of general equilibrium theory, requires global proximity of gradients. Tt
requires that preferred directions be close at all choices, for the preferences to be
close. In other words, the word “local”™ to describe my approach or my topology
(or the acceptable social choice rules) does not seem appropriate.

3. Baigent and Huang

In three interesting arlicles, Baigent (1984, 1985, 1987) proves discrete versions
ol the impossibility theorem of Chichilnisky (1980, 1982) which, inter-alia, throw
light on the role of continuity and show that continuous spaces of choices arc
not essential to prove results similar to my 1980 results. Tn Baigent and Huang
{1990} the authors go a step further. On the strength of the Baigent results they
argue that the continuous framework may not be necessary, and Lhat discrete
techniques always suffice. They agree with my results and my topology but not
with the general approach. They favour the more traditional discrete approach
to the continuous approach.

My response to Baigent and Tuang is, in brief, that we need a continuous
approach because we need caleulus and topology in Social Choice theory. There
are lwo practical reasons. One is Lo oblain new and useful results which are not
obtainable, not even understandable, otherwise. Examples are the necessary and
sufficient conditions mentioned above to resolve the paradox, the lopological
correspondence of the Social Choice paradox with fixed point theorems, which
are al the core of the existence of equilibria, and the game theoretical approaches
about manipulation of games, all obtained with this approach in recent vears
(see e.g. Chichilnisky 1979, 1980, 1982, and Chichilnisky and Heal 1983). A

" The sum EA, ", where f': 8" ' = R* is defined by (XA, F1{x)=Z4, ' (x).
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second reason for needing caleulus and topology is the integration of Social
Choice inlo the general body of Economic Theory, This should help aveid the
rather specialized, often obhscure nature of the results obtained in this area by
means of the single lechmique of discrete combinatorial analysis, An example 13
provided by the results relating social choice and the theory of markets with non
convexity in Chichilnisky (1990b). These two reasons militate against Baigent
and Huang's arguments. Unless they wish to keep Social Choice separate from
the rest of economic theory, and unless they wish to avoid the flexibility intro-
duced by the use of several different mathematical techniques, they should favour
the topological approach. I think thal their intention is to mtegrate the results
obtained with the topological approach into the muin body of Sociul Choice by
providing interpretations which are easier to understand with the more familiar
combinatorial techniques. By all means we should employ different technigues
and test their usefulness against each other. Tt is the most efficient way to advance
our knowledge in a difficult area: we need all the tools we can get. 1 do not
advocate the superiority of the opological approach. T advocate the superiority
of a flexible attitude towards techniques and approaches.

[Minally, let me emphasize the urgency with which I feel Social Choice should
be integrated into the general body of economic theory, particularly with respect
to the analysis of markets. Democracy is studied and tested in Social Choice,
Markets are studied and tested in General Equilibrium Theory. The relationship
hetween these two fundamental concepts can only be studied in depth once we
integrate the two fields, as discussed in Chichilnisky (1990a, b). For this we need
4 common language, and common lechnigues.
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