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An earlier paper in this Journal [Chichilnisky (1%80)] gave for the first time sufficient conditions
for the transfer paradox to occur in 3-agent economies, with stohle markets. This paper
comments on several other papers wrilten about these results, and extends the results further.
Here we pive necessary as well as sufficient conditions for the transfer problem Lo vccur in an
economy with three agents, at a unigue and Walrasian stable equilibrium.

1. Introduction

In a recent paper in this Journal [ Chichilnisky (1980 T re-examined the
problem of the negative effects of a transfer on the welfare of the recipient,
but setting it for the first time in the context of a stable 3-agent economy.
Each agent is an income group; the high income group transfers some of its
initial endowment to the lowest income group. The paper established
sufficient conditions for the transfer to decrease the welfare of the receiver, in
a stuble market.

The welfare analysis of transfers has. of course, a long and distinguished
tradition in trade theory. The negative effects of transfers on the receiver
were studied first by Leontieff (1936). However, these effects have been
attributed for many years to market instability following Samuelson (1947)
and Mundell (1956). The stable resulls in Chichilnisky (1980) have received a
clattering amount of notice, being the subject of several other papers in this
issue, and of others elsewhere, e.g., Geanakoplos and Heal (1982). Gunning
(1983), de Meza {1982), Saghafi and Nugent (1983), Polemarchakis (1982),
Ravallion (1983), and Srinivasan and Bhagwati {1982 and 1983). This note
comments on the contributions of these papers, and allows me to clarify and
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INFE. )



234 (r. Chichilmisky., The transfer problem with three agents once agrain

complete the discussion with a rather straightforward generalization of my
carlier results. 1 give here necessary as well as sufficient conditions for the
negalive effects of transfers on the recipient's welfare, within a 3-agent
economy with a wnigue and globally stable equilibrium, Theorem 2. T also
characterize the cases in which the transfer has a positive welfare effect on
the donor — and those when it has a negative effect instead. All conditions arc
on the initial data of the problem, ie., on initial endowments, and on the
preferences of the agents.

A discussion of some of this recent literature on the transfer problem in a
three-agent setting, is in Jones (1982).

2. The transfer problem with 3 agents once again

The model 15 that of Chichilnisky (1980). The economy has 3 agents, or
groups, and two goods A4 and B The groups are identified as H, high
income; L, lower income; and S, the South. The two goods are called basic
goods, B, and industrial poods, 4.2 We can think of the groups H and L
either as being two income groups within one country [the North in
Chichilnisky (1980)]. or else as one country each, As an illustration it will be
useful later to think of H as the mdustrial countries, L as the newly
industrializing countries, and § as the less industrialized countries of the
South.

Each group is identified by its initial endowment of goods, and iis
preferences, which are of the fixed proportion type. The endowments of H
are denoted H, and Hy, those of L, L, and Lp, and those of §, 8, and Sg.
The preferences of H, L and § are denoted U, ¥ and W respectively:

U=min(aB, A), VF=min(B bd), W=min(B, cA).

The parameters a, b and ¢ are larger than or equal to 1, since lower income
groups consume proportionalely more B than A, We normalize b= 1.

In view of the comments in Geankoplos and Heal (1982), Gunning {1983},
Ravallion (1983), and Srinivasan and Bhagwati (1982 and 1983) it will be
useful to state again here, and discuss in more detail, the conditions required
in Chichilmsky (1980). There were two types of conditions: regularity
conditions, and another type of condition, on initial endowments or net
trading positions. The regularity conditions were denoted {C.1) and (C.2).
The first condition is

(C.1)  Hy+Lg+Sz<(lja)H +L,+cS,.

*In Chichilnisky (1980} 4 was called a luxury/investment good instead.
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As discussed in Chichilnisky (1980) this condition (.1} is required to ensure
that the price of B, pg, is always different from zero in equilibrium. Therefore
we may normalize prices, considering the relative price p=p,/pp. Since this
madel is homogeneous, only relative prices are relevant,

It has been shown in Geanakoplos and Heal {1982} that condition (C.1}) 15
eguivalent to requiring that, as the price of B approaches zero, the excess
demand for B becomes strictly positive. This can therefore be interpreted as a
boundary condition, requiring that the excess demand vector points inward
at a boundary of the price space, see Dierker (1974,

The regularity condition {C.2) in Chichilnisky (1980) is that there exists an
cquilibrium, and at the equilibrium a four-by-four subdeterminant of the
Jacobian of the system is non-singular,

This condition {C.2) assures that an equilibrium exists, cach equilibrium is
locally unique and it depends smoothly on the parameters as required for
comparative statics exercises. Since a new boundary condition (C.3) is
required here, which implies existence of an equilibrium, we shall consider
here a weaker version of (C.2);

{C.2) At the equilibrium, a four by four subdeterminant of the Jacobian of
the system is non-singular,

To the two regularity conditions (C.1) and (C.2) we add here a lurther
regularity condition, which was not required in Chichilnisky {1980} as it was
not necded there. This third condition is needed here in order to generalize
the earlier results, and in particular to prove global uniqueness and stability
of the equilibrium:

(C.3) L,+8,+H,<Lg+8yic+aH,.

This condition is symmetric to (C.1) in that it requires the excess demand for
A to become strictly positive as its price p, approaches 0. This condition
appears also in Geanakoplos and Heal (1982),

In addition to (C.1) and (C.2), a further condition appeared in Theorem |
of Chichilnisky (1980), not a regularity condition but rather a condition
giving information on the initial endowments, of the ‘middle income’ group
[.. This is a condition on the parameter A=L,— Ly [as defined on p. 513, (9)
of Chichilmisky (1980)], ie. on the difference between the endowment of
industrial and basic goods of the middle income group L. Because this group
consumes as many units of 4 as of B (b=1) the sign of 4 determines the net
trade position of the middle income group. When 4 is positive, the middle
income group L is a net importer of basic goods; if' 1 is negative, this group is
instead a net importer of industrial goods A.°

*This was discussed on p. 513 of Chichilnisky (1980},
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The condition that the middle group is a net importer of the industrial
good, 1e, i<0, appeared in the third sentence of Theorem 1, p. 510, where
the South is a net importer of basic goods, since 4 <0 implies that the South
imports basic goods, as shown in foolnote 9 o p. 513 of Chichilnisky (1980).
The condition 4 <0 was also invoked explicitly on p. 515, line 8 from end. It
can be considered a plausible condition if the middle income group is
interpreted as the group of newly industrializing countries, because these
countries are generally importers of industrial goods, so that A<0. Ravillion
{1983) and Geanakoplos—Heal (1982), discuss its economic significance.
Other commentators, eg., Gunning (1983) and Srinivasan—Bhagwati (1982)
do not acknowledge that this condition was explicitly invoked in Theorem 1
which leads them to inapplicable statements. Jones (1982) provides a clear
discussion of the role of the condition A <0 in Chichilnisky {1980}, and of the
inapplicability of Srinavasan-Bhagwati’s comments on the results of
Chichilnisky {1980).

The condition 4 <0, together with the regularity conditions (C.1) and (C,2),
is sufficient to prove that the transfer problem with 3 agents will occur in
stable markets: The receiver is, in this case, necessarily worse off after the
transfer. This precisely what was proved in Theorem 1 of Chichilmisky
{1980) which is restated here for the sake of clarity. The proof of this
theorem is, of course, identical to that in Theorem | of Chichilnisky
{1980):

Theorem | [Chichilnisky ((980)]. Consider a 3-agent world economy s
defined above. Then a iransfer of indusirial goods from the high income group
I o the lowest income group 5 will necessarily decrease the welfare of the
receiver in a stable marker, whenever the regularity conditions (C.1) (C.2) are
satisfied, and the middle income group imports industrial goods, e, 2<0.

Following the original algebraic proofl given in Chichilnisky (1980},
Geanakoplos and Heal (1982) recently produced a geometric proof of
Theorem 1. Their geometric version of the prool is helpful 1o highlight the
role of the conditions of the theorem, and also for the construction of
cxamples. A further numerical example of Theorem | is offered in
Polemarchakis (1982). It may be useful to point out that for small transfers
the above result does nor depend on which pood is transferred:

Corollary 1 [Geanakoplos and Heal (1982)]. Under the conditions of
Theorem 1, a transfer from H to § will necessarily lower the welfare of 5 in a
stable market, even if the transfer is of basic goods or of any combination of
hasic and industrial goods, provided transfers are small.

In view of the comments appearing in this issue of the Journal, it scems
useful to discuss further the condition that the middle income group imports
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industrial goods, ie., 1<0. A footnote in Chichilnisky (1980)® explained that
when 4 is negative, then the South must be a net importer of basic goods,
ic, o=>0* The condition that the South imports basic goods, ie, a=0 is
plausible when we interpret basic goods as food, because many LDC's are at
present net importers of food.

Lemma 1. In a 3-agent world economy as above, whenever the middle income
group L imports industrial goods (A<0), and (C.1) is satisfied, the lowest
income group 5 always imports basic goods (a=0). In particular, under the
conditions of Theorem 1, the South imports basic goods.”
Proof.  Assume d<0 and o <0, and let

p=II_4_ﬂHn. R-ZLA—.LB, I'TZSA—SSI-{.,
as defined in (9) of Chichilnisky (1980).

Since in equilibrium the market for B clears, i, Dy=0, we have from (10)
in Chichilnisky (1980);

i

L a_+pl,"p +m+]_3'cj- l..-';i=ﬂ’ (1)
Now, condition (C.1) can be rewritten as

ola +A+%}n. (2)
Subtracting (1) from (2), we obtain

o i T

(a+pa T T 1p et ipiie > (3)

Since a= 1, ¢=1, and ¢ <0 by assumption, (3) implics
A
p +p[,.a;+m+'|;c iﬁ}ﬂ’ )

which contradicts the market clearing condition (1). Therefore, when /<0, ¢
cannot be negative. This completes the proof of Lemma 1.

*Footnate 9 1o p. §13.

*The example of Srinivasan and Dhagwati (1982) was constrocted assuming, to the contrary,
that the South exports basic goods B, Therelore it is not a counterexample 1o Theorem 1 of
Chichilnisky {1980). The example of Gunning (1983) is also in violation of one condition of
Theorem 1, namely £ <10 it is therefore not a counterexample either
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3. Disadvantageous reallocations, and the strict transfer paradox

$o far we have only considered the welfare impact of the transfer on the
receiver, However, in view of the results of scction 4 in Chichilmsky (1980,
we can also characterize precisely the impact of a transfer on the welfare of
the donor. This will ascertain whether our transfer result in Theorem 1 is a
so-called ‘disadvantageous reallocation’, where the donor is worse off and the
receiver worse off as well, or whether it is the ‘strict transfer paradox’,
instead, where the donor is berrer off, and the receiver worse off.® The
following lemmas provide such characterization: they are a restalement of the
results in section 4 of Chichilnisky (1980) on transfers. welfare and coulitions,

The first lemma establishes conditions under which Theorem 1 gives the
so-called ‘disadvantageous reallocation’ problem, in stable markets;

Lemma 2. In a 3-agent economy as above, the welfare of the donor group H
and of the receiver group S move in the same direction following the transfer
when ¢ = 1. Therefore, under the conditions of Theorem 1, both the welfare of
the donor and of the receiver decrease following the transfer, in stable markets.

The proof of this lemma is on p. 517, section 4 of Chichilnisky (1980).
The following lemma establishes conditions under which Theorem 1 yields
the strict transfer paradox in stable markets:

Lemma 3. In a 3-agent economy as above. the welfare af the donor group H
and that of the receiver S move in opposite directions following the transfer if
¢ < 1. Therefore, under the conditions of Theorem {, when c=1, the donor is
better off and the receiver worse off following the transfer, in a stable market.

Proof. The proof of this lemma is immediate. First note that the
proof of Theorem 1 in Chichilnisky (1980, p. 515}, holds when ¢ <1, see, e.g.,
eq. (19) on p. 515. Therefore, the welfare of § decreases after the transfer in a
stable market when ¢<1. Finally. the results of section 4 in Chichilnisky
(1980, 517), show that when b= ¢, the welfare of § and of H move in opposite
directions. Since b=1 and here ¢ is smaller than 1. this completes the proof
of Lemma 3.

We can now establish immediately a generalization of Theorem 1 of
Chichilnisky { 1980):

Theorem 2. Consider a 3-agent world economy as above, satisfying the
regularity conditions (C.1) (C.2) and (C.3). Let the high income group H
tranyfer basic goods, industrial goods. or any combination of these to the lowest

iGale's (1974) example is a disadvantageous reallocation cather than a strict transfer paradox:
in addition, Gale does not study stability of the markel.
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income group 5.7 Then the wellare of the receiver will decrease after the
transfer in a unigue and globally stable equilibeium, i and only if the third
{non-participant) group L imports industrial goods. ie., i<(. Furthermore,
under these conditions, the welfare of the donor increases following the transfer
iff and only if c < 1; it decreases if and only if c=1.

Proof. The proof of this theorem is straightforward.

Note that under the regularity conditions (C.1) (C2) and (C.3), the
economy has a unique equilibrium. This is proven as follows. First, this
economy can have at most two (non-zero) price cquilibria because its excess
demand function, whose zeroes determine the equilibria, is of the second
order in p=p,/pg. being equal to

il A I
Dy= —+ —+— .
B at1ip 1+1p lic+ Lip

(3)

see (10), p. 513 of Chichilnisky {1980).

Secondly, in view of the boundary conditions (C.1) and (C.3) this cconomy
must have an odd number of equilibria. This is proved, e.g., in Dierker (1974,
p. 140). Therefore, our economy has exactly one equilibrium. In particular,
local stability implies here global stability,

The proof of Theorem 1 in Chichilmisky (1980) establishes that

~ &

fiz (EDH dz  dzE@Dgh I.'IEDH ()
LET.{)!T_  dp 8T, @péT, ) ap

where - is consumption of B in the South. and T, is the transfer: see eq. (19}
of Chichilnisky ( 1930).

It follows therefore that the sign of (6) is always equal to that of its
numerator when the market is stable, since stability 15 equivalent to

dDg/dp =0

(recall p=p ./
Nole that the numerator of (6) equals

—pi 1 1 —‘ 7
(1+pichil+pi|1+pa |+p

"Iransfers are small.
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by (19) of Chichilnisky (1980),* and that 11+ pa) is always smaller than
1/(14+p) because a=1. Tt follows therefore that the sign of (fz/dT,) across
equilibria (Dy=D,) is always equal to the sign of 4 in stable markets.
Thus the welfare of the South decreases in stable markets if and only if
A is negative. The rest of the statement of Theorem 2 I'at{nws from Lemmas 1
and 3.

Finally, to complete the discussion, I shall refer to another condition thai
appeared in the statement of Theorem 1 in Chichilnisky (1980) and which
was discussed in some of the comments; this is that the endowments of the
South be small and consist mostly of basic goods B. This condition turns out
not to be required in the proof of Theorem | of Chichilnisky (1980). As a
maiter of fact, nowhere in the proof of Theorem 1 was this condition used;

*Tg. (19 of Chichilnisky (1980) was only skeiched there, and we give here a detailed
computation: From egq. (16) and (17), and the eguality z = Sg+(p/14 pielie+ T, we oblain:

i0y fz  fzdDy [ p—1, o & A o+ T, )( P
Ap AT, dpdT, \l+pal®  (1+pP i pier I+]'JL)
a+T, p{n+f‘,]1)r{ N
Ni+pie) (M4pel e/ \lvpe 14; )
P o+ T, )(j ) ( ) rr—I )i|
T 1+ pie| M1+ pie)? {lr,u.m]‘ i+m) W+pie

i g+ T,

+— =

L+pajil+pe)
(o + Talp p_ =T, 4 ‘-]
Ltl Fpa)t (L+p) )

C(L+pafl+pie) 14 pie

p |I'I a+T, p-T, itli—_.'.u,'l). (81

T4 pioNl ¢ pal\(1+pic) U4+pa) (14pF

AW WA
Dy= — |+ =0
() () )

in equilibrium, we obtain

Since

—d Ry T,
T2 _TT N4 BT 5o that (8) equals
L+p l+ple 14+pa

p (_ i +.1[|+:Ju})
(L+pieli+pa)l, 14+p (L+pm* S

iy Gz dziby mo ( R )
ép ATy fpaTy IT4pieil+phil+p (14 .w.:])
which 1% eq. (19).
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this was pointed out both by Gunning (1983) and by Bhagwati and
Srinivasan (1983), and we acknowledge their contribution. Their comments
imply that Theorem 1 was actually stronger, or more general, than originally
stated, since one of its assumptions could be dropped without any loss. It
should also be pointed out that this condition merely implies that the point
in R? denoting the initial endowments of the South, (5., 5,), lies below the 45
degree line, and is relatively close to the origin. This is clearly consistent with
the other two conditions in Theorem 1 of Chichilmisky (1980), ie., with the
condition that the middle income group imports 4, 4 <0, and with condition
{C.1). It is obviously also consistent with the condition implied by i<0,
namely that the South imports B, o0, see, e.g, fig. | below.®

Finally, Saphafi and Nugent (1982) have expressed concerns with eq. (14)
of Chichilnisky (1980):'" their paper is focused singly on the sign of this eqg.
(14). The relationship between the transfer and the terms of trade was
explained clearly in the text of Chichilnisky (1980, p. 514), but Saghafi and
Mugent failed to notice a typo in eq. (14) when writing their paper; therefore,
their comments are not applicable.!!

4. Conclusions

My earlier (1980) results on the transfer problem in stable markets has
scrved to show that this is potentially an issue of policy significance, The
results showed that in a 3 agent economy, the transfer problem will occur in

"Bhagwati and Srinivasan have expressed concerns about the consistency of the assumptions
in Theorem 1 of Chichilnisky (1980}, As fig. | shows, these conditions are indeed consistent,

‘"Eq. (14) of Chichilnisky (1980) was only sketched there, and we give here a detailed
computation:

i
Dg= p{l-::ﬁ;; +m+ I :ﬁ.’c):ﬂ in equilibrivm, iz,

o =P(HA_a_'Hi+LA_LB+S.I_Sﬁ_'¢ -
e 14 ap 1+p 1+pie

Denaote this F{H ,, 5, ph=>0 By the implicit function theorem we obtain;

Gp _ BFIOH,_ pNltap) . B 2FiES,_ plll+pie)

s A 2 A B A
JH,  oFjip aD,iép 5,  aDgidp aDgiép

Therefore, [14) is:
dpfaH ,—Ep/ES = (pA L+ pie)— pi1 + ap)}faD g Ep.

"'Eq. (8): y should read &. Eq. (%: 5,—35,, should read 5, Sg.. Eq. (10): (pfa+1/pNid]
+ /el e+ Uipl) should read pfla+1/p)+ 441+ 1/p)+ all/c+ 1/p). By, (14): there should be
a4 minus sign in front of the right-hand side. Eq. (15): p+ T, should read p—T, Eq. (16):
—pT, {t+pu}’-|;) AT+ +s+TH +pic)  should  read  {p— Tl + pa)® +1'{1+p}]
{0+ T +pie).

JIDE—K
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Fig. 1. Represents simullaneously three assumptions: The middle income group imports A, L.e.,
A= the low income group imports B, ie, &=, and the Souths endowments consist mostly of
basic goods, and are small, i.e, they lie below the 45 degree line, and near the origin.

stable markets whenever the non-participant group 1s an importer of the
good which the giver consumes most intensively. When the non-participant
group are the newly industrializing countries, this assumption scems
plausible, as these countries generally import industrial goods.

With added regularity conditions, we proved here that the same
assumption is indeed necessary and sufficient for the transfer problem to
occur at a unigue and stable equilibrium, We therefore have a complete, and
rather simple characterization of cases when the transfer problem occurs, in
our 3-agent economies.

Several extensions of these resulls seem possible. It would be useful to
study economies with more than three agents, and with smooth
preferences,'® as well as general equilibrium models with production.

ZAn extension of my results to cconomies with smooth preferences could possibly be
oblained along the lings of Aumann and Pelegs (1974} article. They extended Gale's example to
economies with smooth preferences. Tt may be useful o point out that Gale’s example has been
extended o economies with smooth preferences in 1973, since Srinivasan and Bhagwati (1982
state in their footnote 5 that such extensions seem very difficult to obtain. Aumann and Peleg do
nol study stability of the market, nor the strict transfer paradox.
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