Juurnal of Matheminical Economics 12 (1983) 3360 North-Holland

COMMUNITY PREFERENCES AND SOCIAL CHOICE®

Graciela CHICHILNISK Y and Geoffrey HEAL
Columbia University, New York, NY 10027, D54

Received March 1941, final version accepied Aprl 1983

Ths paper gives necessary and sulficsent conditions for the aggregation of preferences, extending
an earfier treatment of aggregation by Stolper, Gorman, Samuelson and Chipman. Such
aggregalion procedures are intended 1o deal with the problem of aggregating demand fenctions
n econometnics, where the aggregate is required 1o be independent of 1the wncome distnbunion.
Thus, it is usually sscumed in this form of aggregation that all consumers face e same Prices,
but that the distribution of income 15 unrestricied.

In order to establish the charscierisation resull, we present a new approdach 10 preference
aggregation which involves summing cerluin subsets of the graphs of the preferences, viewed as
subsets of 4 Euclidean space. This procedure has o clear geometnical interpretation, and &
numher of uselul applications. In particular, it enables us to analyse the posaibility of
aggregution when prives are not constraned 1o be the same for all consumers, a case of possihle
empirecal  sigmificance. We  also  show  that  the Solper —CGiorman-Samuelson-Chipman
construction of community indifference curves coincides with a special case of this procedure

Finally, this approach allows uws 1o develop the relutionship between these forms of
aggregation and the prefercnce aggregation problem as it occurs in socal choice thewry.

1. Introduction

This paper has three aims. One is lo provide necessary and sufficient
conditions for the aggregation of preferences, exiending carlier approaches by
Stalper (1950), Gorman (1953), Samuelson (1956) and Chipman (1974) 10 the
analysis of social indifference curves. Such aggregation procedures are
intended inter alia 10 deal with the problem of aggregating demand functions
in economeltric analysis, when the aggregate is required 1o be independent of
the distribution of income, and all consumers are assumed to lace the same
prices. This is the subject of Theorems 3 10 5 below,

Our second aim is to analyse the possibility of aggregating preferences
when different individuals face different prices (the subject of Theorem 2.
This is arguably an important empirical case, given differences in tax rates,
the existence of concessionary prices, price discrimination, etc. There are in
fact two sub-vases. One is where we know a priori that individual i will face
a fraction o, of the general price level (pensioners pay halll price; the rich get
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a bigger tax deduction). The other is where we can place no restrictions at all
on the distribution of prices across individuals. Our analysis could be used to
provide a characterisation of both cases, though n fact we only deal
explicitly with the latter, as this is the more demanding case.

Cur third mim is to study the relationship between these forms of
preference aggregation and the aggregation problem of socal choice theory.
We show that the former is a particular case of a recent version of the latter,
in that the necessary and sufficient conditions [or the existence of socal
indifference curves which give a well-defined social preference, are a special
case of conditions given in Chichalmisky (19800 and Chichilnisky and Heal
{1979) for the existence of social choice rules which are conlinuous,
anonymous and which respect unanimity.

The plan of the paper is as follows. In section 2 we define a method of
aggregating preferences by summung their graphs. This is conceptually an
easy and obvious way of aggregating, and we present conditions under which
such aggregation is well-defined, ic, under which the sum of the graphs of
preferences, is the graph of a preference.’ This mode of aggregation does nol
coincide with that of Stolper, Gorman, Samuelson and Chipman, but
corresponds to aggregalion when there is no restriction on the distribution of
prices across individuals.

In section 3 we formalize the Stolper—Gorman Samuelson (3G5) approach
in terms of operations on the graphs of the preferences, and show that this
involves adding certain subsets of the graphs, and then taking the union of
the resulting seis. By using graph aggregation, it turns out to be possible 10
give a very simple geomeirical charactenzation of the 5G5 approach, and
also of the conditions under which it yields a well-defined preference. In facl
we are able to extend earlier analyses by giving conditions for preference
aggregation which are necessary as well as sufficient. We are ulso able 10
characterise the conditions under which an apgregate preference will be
complete, an issue thal has not previously been discussed.

In section 4 we relate the rules for aggrepating preferences (o operalions
on vector ficlds. This enables us Lo relate the results of the previous sections
to the literature on social choice theory. Some of the more technical results
are conlained in an appendix.?

'For a discussion of the representation of preferences by their graphs, see Chichilmisky (1977)

"t is worih poting that our concern here 1s with the aggregation of fanulies of indiflference
surfaces. In other words, we are concerned with the aggreganon of families of level sets of real—
valued functions. Alhough ot 15 conventional i this Ierature 1o think of these us beng
generated by unlity functions, they could equally well be generated by real-valued (1e. simgle
wulpul} production functions: all of the results established helow un the aggregation of
preferences could therefore be applied equally well 1o the aggregation of production [unclions.
Wecent work by Hildenbrand (1979) studics sggregation of production funchions as a problem in
el addibwn
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L. Graph aggregation of preferences

It 15 shown below that the form of preference aggregation considered by
Stolper, Gorman, Samuelson and Chipman may be formalised as follows. Le
x be a point in the choice space. The set of poinis preferred 1o x according
to the social or aggregate preference is obtained as follows, Take the vector
sum of the sels ol points preferred by each individual § 10 certain choices x,,
where the x, summed over i equal x. Repeal this procedure for all possible
sets of choices x; that add up 1o x, provided that at these choices x, all
consumers have the same marginal rates of substitution. Then take the union
of these sums over all sets of %;. In many contexts the equality of MR5s is a
natural restriction, and corresponds to the assumption that the only choices
of inlerest are those where all consumers face the same prices,

Formally, if Pix) denotes the set of points preferred Lo x dccording to the
ageregate preference, and P(x,) is that preferred to x; by individual 1, then

-P[x}= U {EPJ{I:';}: 11‘{'tIJ=TJ{xJJ!

fn Eaang Ui
;

where the sums are over individuals, and wherc T,(x;) denotes the normal®
to the indiffercnce surface of the ith preferences at x,.

This procedure is a special case of a more general aggregation method,
where the aggregale preferred sct Pix) is generated by sumnnng the preferred
sels Plx) of individuals for all combinations of x; which sum 10 x, withaut
restriction on marginal rates of substitution. Formally, this latter procedure
BIves

Plxy= |} {}__:P.-II.J}.

It} a,my] LT
V

where the sum is over individuals. This definition is of interest for two
reasons. One is that it has a very straightforward technical interpretation: i
15 shown in Lemma 3 below that i corresponds precisely to summing the
graphs of the preferences in Euclidean Space, a very natural form o
aggregation,

It also has a straightforward economic interpretation. Constructing 1t
aggregate preferred set at x by summing those of individuals at 4
combinations of pomnts x, which sum to x, independent of marginal rates o
substitution, corresponds (o the construction of an aggregate preference wher:
there is no restriction at all on the distribution ol prices over individuals,
Thus if the sum of the graphs of the individual preferences is the graph of a
preference, then we can find an aggregate preference and an aggregaty

TAs noted Formally in the next section, this approach requires & smoothness condition on
relerences,
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demand  which are independent of the distribution of income  for any
disiribution of prices across people. (The aggregate may of course depend on
the distribution of prices: but for any distnibution of prices it will not depend
on the distribution of income} As we shall see, the conditions for thiz are
naturally more restrictive than those for aggregation when price veclors are
known to be the same fur everybody.

In the remainder of this section, we explore the properties of preference
aggregation via the summation of graphs. A preference on R}, the positive
cone of K_, may be identified with a subset of R = R, known as the graph
of the preference: if xp,y means that agent 1 prefers x L y, then the graph of
this prelerence, denoted by G,, is defined as

Gi={{x, e R xp v},

We discuss summation of graphs in the usual sense of vector summalion, so
that il X and ¥ are subsets of R, then

X+Y={zeR}  z=x+y, xEX,}'lI-: ¥

If we have a finite collection of preferences represented by subsets of R Tun
it is clear that these subscts can always be added and a sum defined. A
natural question, then, is: Under what eircumstances is the agpregale object
constructed in this way, the graph of a preference? Since a subsel of RJ, can
always be inlerpreted as a relation on R, the question is, more precisely:;
Under what circumstances docs the aggregate relation have the propertics of
a prelerence ordering? In the following, we require the aggregate relation Lo
be transitive and irreflexive, and show that the sum of the graphs is always a
Iransitive relation, but need not be an irreflexive one. We then derive
conditions which in our context are necessary for the aggregate relation 1o be
complete, transitive and irreflexive. These conditions are very restrictive: they
are that individual preferences are identical and homothetic. In the next
section, we consider a slightly different approach 1o summing the graphs of
preferences, a generalization of the construction in this section, The approach
of section 3 in fact yields an aggregate preference under rather weaker
conditions than does the approach of this section.

In the following subsection we introduce natation and definitons, state the
assumplions we shall be making on preferences, and  explore  their
implication.

21, Definitions and assumptions

We shall consider preference orderings on R, the positive cone of a
commodity space R,. There is a group of M agents, indexed by i i-
L.Z,.... M, and, as before, if the ith agent prefers x (0 y we write xp, y. If the
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agent is indifferent, we write xi,y, and we denote preference or indifference by
«pi,y. Pi{x) stands for the set of points in R, stnictly preferred to x, that is,

Pix)=1{yypx}.

The preferences that we shall consider will always suusfy the following
conditions:

(A1) Continuity:  The sets {xe R xpiy! and |xe R, :ypi,x} arc closed for
any ve R

(A2} Thin indifference curves: [xe R, :xiy] has measure zcro, for any ¥
and cach i.*

(AN Transitivity of the strict preference. For any x,y,ze R, xp;y and yp;z
imply xp,z.

(Ad) Irreflexivity of the strict preference: For any xe R, it is not the case
that xp;x.

The above four assumptions will be maintained at all pomis of this paper,
and will be the only assumptions used for much of section 2. We shall,
however, have occasion to use the following later in this section;

(AS) Compleieness: For all x,ye R, cither xp;y or ypx OF X, ).

(A} Homotheticity:  There  exists  Xg€ R such that for all xe R..
ijlx)=|x":x'i;x] is given by i;(x)y = di,(xp), for some scalar 4=10.

Under homaotheticity, indilference curves are thus radial projeciions:
any real-valued representation of the preference will be by a homogeneaus
function,

The next step is o inveshigate the implications of these assumpuions for the
structure of the graph G, of a preference that satishies them. We denote by
RS the reflexive space in K,,. the diagonal of R, xR, ic. RE={x.yix=y]
The following are immediate implications of the varipus assumplions on
preferences, (A-4) and (A3

Irreflexivity==G, n RS = ¢
Transitivity =(h, al € G, (o, hle G, =0, wle ;.

*Thas 15 a shightly strenger verson of the ustral assumplion ol non-thik hiffereie cures
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2.2, Conditions for aggregation

We shall now investigatc a method ol aggregating prelerences by summing
their graphs. Thus, given a set of preferences, we take the graphs G,
i=1,2,..., M, and construct the sum

This is a subset of R,,, and can therefore be interpreted as the strong part of
a relation on R, .

The gquestion we have to analyze is then: Under what conditions on
G,i=12,....M, is G a preference? The following lemma establishes thal
transitivity is preserved by the summation of graphs, Iis proof is immediate,

Lemma | If G, i=12,..., M, are transitive, then 50 15 G,

From this we know thal G will not fail to be a preference because of
intransitivity, However, we have 1o check irreflexivity: il € intersccls RS,
there will be points strictly preferred to themselves and hence in the interiors
of their preferred sels.

Theorem §. Let the G, satisfy (A.f) te (A4 A sufficient condition for the
sum of their graphs to define an aggregate preference, is that the G, are all
contained in an open halfspace in R;, which is supporied by the origin and has
RS in its boundary.

Proof We have to show that the aggregale relation G will be transitive and
irreflexive, Transitivity follows from Lemma 1. To prove irreflexitivity, we
have 1o demonsirate that the intersection of G with RS is empty. Let § be
the open half-space in R,, meeting the conditions of the theorem. Then, by
assumplion,

5nRS=¢ and G,c§ foralli

But an open half-space is closed under the operation of vector addition.
Hence,

G=YG <S5 andso G RS=4¢,
T

which completes the proof,

Lemma 2. If preferences are complete and have thin indifference curves [ie.,
satisfy {A.2) and (A.5)], then for almost every (1, ¥)e R}, cither {x,y)e (5 or
(. x)E (5,
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Proof.  This follows immediately from the measure zero form of Fubmi's
Theorem, as given in, for example, Guillemin and Pollak (1973, p. 204).

The next theorem gives an economic anterpretation lo the conditions of
Thearem 1. Mote that Theorem 1 gives conditions suflicient for agpregation
eren when there is ne restriction on the distribution of prices across individuals
{sce the comments aller Lemma 3).

Theorem 2 If preferences saiisfy the sufficient conditions of Theorem | and
are complete, then they are homothetic and identical almost ever ywhere.

The proof of this thcorem is given in the appendix. Being homothetic and
identical almost everywhere is a necessary condition lor the satisfaction of a
sullicient condition (that given in Theorem 1) [t is itsell therefore neither
necessary nor sufficient. However, the conditions of Theorem | are extremely
close 10 being necessary for aggregalion (they are necessary up o certam
minor but complex technicalities), so that it is reasonable 1o regard being
homothetic and identical almost everywhere as necessary. [ should perhaps
be emphasized that the argument so far has made no use of convexity or
differentiability assumptions.

The conditions of Theorem 2 are exactly those given by Samuelson {1956),
but they solve a more demanding problem, namely that of aggregating
preferences when individuals do not all face the same prices. The following
section analy?es a formalization of the allernative procedure,

The construction of an aggregate preference G=7 G, is a way of assigning
to cach point xe R, a preferred set P(x). The next lemma characterizes the
way in which this set is constructed. The prool s immediate,

Lemma 3. Let Pix) be the preferred ser for a point x according 1v the
preference G=13% G, Then

P U -=|{i P,{x,l}.

A i

Under the procedure studied, then, the preferred set to a choice x is
constructed by summing the seis which, according to the individual
preferences, are preferred 1o M points which sum to x, repeating this for all
sets of M points summing to x, and then taking the union of the resulting
sels.

The Stolper-Gorman-Samuelson approach is, as mentioned, dilferent. We
show below that in this case, the union is taken not over all possible
combinations of points thal sum 1o x, but only over those points which sum
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to x and at which the various individuals have the same marginal rate of
substitution [Samuelson (1956, p. 8)), ie., for preferences with a well-defined
normal (o the indifference surface at each choice,

P(x)= Pix) b
(x) "'EU.'-H {? Uii}

:I‘Il;lll— TJ[I‘F

Here T,(x,) is the normal to #'s indifference surface at x,. Obviously, since in
this latter case the union is taken over a smaller set of points, the loss of
reflexivity is less likely 10 occur. We shall see in the next section that in fact
this gives a little extra scope for successful aggregation. As noted, this more
resirictive approach corresponds to an assumption that all consumers face
the same prices, an assumption mot implied by the construction of Theorems
I and 2, where there is no requirement that the poinis whose preferred sels
we summed, should have equal tangents. Theorems | and ? tackle a more
general problem.

1. Social idifference curves

In this section we explore the properties of a rather different method of
aggregaling the graphs of preferences. lnstead of summing the entire graphs,
as in the previous section, we sum only subsets of these. This procedure is a
formalization of the Stolper—Gorman-Samuelson approach 1o the
construction of social indifference curves. As mentioned above, this amgunts
to a rather different way of constructing the preferred set associated with any
point x. We now limit our altention only to those sets of points that sum to
x and are characterized by equal tangents for all individuals. This means, of
course, that we must restrict the analysis 1o smooth preferences (a restriction
not needed before).

The procedure adopted here can be described as follows. We partition the
graph of a preference into subsets, each corresponding o the preferred sets
associated with points with a given most-preferred direction or gradient, We
then sum over all individuals thosc subsets characterized by a given gradient
and rcpeat for all gradients. Next, we take the union of the sums over all
gradients: this gives the graph of the aggregate preference.

This approach always lcads to a relation on R, but this need not be
transitive, irreflexive or complete. Our concern is therefore to specily
conditions under which these properties hold. In this case irreflexivity always
holds and is relatively casy 10 establish, whereas transitivity poses prohlems,
However, both can be shown to hold under conditions weaker than those of
the last section. In particular, a sufficient condition for the aggregate relation
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to be a preference is that the individual preferences are what we term affinely
homothetie and identical. This concept is defined formally below, and means
essentially that all preferences are affine translations of a given homothetic
preference. This condition is also a necessary condition under the usual
assumplion that the expansion paths of an individual's preference all have a
unique point of intersection. This will be discussed below. In addivon 1o
assumplions (A1) to (Ad), two further assumptions on prelerences arc
maintained throughout this sectiom:

(A7) Strict convexity:  ¥x, [y ypi;x} is a strictly convex st
{A.8) Regulurity: A preference is representable by a O oregular utiliny
function whose first derivative is regular on the domain of definition.®

Denote by G,(x") the sei of pairs (3, x°) in G;, the preferred set to x". The
closure of this contains (x% x7). Let T,(x%) be the unil normal to individual
i's indifference surface at x% G,/7T will denote the subset of the graph G,
consisting of the union of all preferred sets Lo all points where the normal 10
an indilference surface has a fixed value T, ie,

GiT= |} Gix)

12: T i=1=T}

An aggregate preference is now defined as a certain subset of G=3.,G,

G*= Ll) {i {;-',n‘}.

This set G* is obtained by summing the preferred subsets for all points with
a given normal and taking the union for all normals.®

*A function is regular if at each point of its domain, its denvative {a lincar map) 15 palo

*This formalizes the aggregation procedure in Gorman (1953 and Samuelson [1956) These
authors consiruct the preferred set 1o a poinl X by summing the individual preferred sets 10
points =, which sum 1o = and are sl chosen al the same prices This 15 clearly the same
pperation as that m the defimbion of 7% We mentioned i the previous seclion that the usual
approach 1o aggregation can also be formalised by constructing the preferred se1s 10 X
avcording 1o

Plx)= I Fxl
5, Ta=a
IAPNEN RN N
In fact it is clear immediately that if this approach is to yiehd a single 1angent 10 the aggregale
indifference surface @i x, then there must be only one langent which 15 common 1o m-lupbes of
et 1, summing 10 x. In this case one 15 again construcling the aggregate preferred-1o-v sei by
summing individual preferred-lo-x; sels where the z, sum to x and are all chosen ai & given
price Yechor.
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Lemma 4. The aggregare relation G* is irreflevive,
Proof. By assumption the individual preferences are irreflexive. Hence,

(G/TIn RS =0.

Now,
(};G-‘-’T)lx"h{{x,x“}:[z,x“}sf;:ﬁl.;r}
={{x'xﬂ]:[1-101=._2{1,.x:’},
%, x") G T, ._Exlpﬂu}
={Ix. e ! _E[G.'f'f'jl.r?;}_
R S
where ’

G/ TH =y, <P e Gy T).

S50 we may write

(Eﬂ.f'f')lx°l= U Y6 nim. (A}

[] |1|'|'E|h"l' i
MNow consider a typical element of the right-hand side

‘E{GIIT}{I:}}

1

Let X be the closure of a set X. The normal to the closure (G/T)(x") of
G/ TN al {xP, %%} is T. To see this, note that

(G/THX = {{x;, xM) e G,/ T)=G,(x7).

where T,(x’)=T. This is a set contained in an affine subspace A, of
dimension n, and can be identified by projection onto its first » COMPONents
with the preferred set Py(x?) to x! under the ith preference. Hence, the
normal of the indifference surface at x”, which by construction is T, is a
normal to the support of G,(x!') at (x7, x?) within A,.

It now follows by convexity that the sum of the closures .[G_,;'r;{ o'y,

gw.f_ruxﬂ.
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has a supporl in A=Y A, with normal T at the point (x°x?), where
xu=E,-I:'.T

This is true for every set in the union taken on the right-hand side of (A),
&0 that

YAG/T)(x")

has T as normal 10 a support at (x" x°). Hence (x",x®) is not in the open sel
(¥, G./THx"). Since any olher element of RS is of the form (x',x") with
x'# 1", this s¢t has an emply inlersection with RS, that is,

(E_ G, .f"f')lx“j ARS=¢.
But

(G*/T)i<") '—(_Z G.-IT).t“I.
50

(G T RS =,

As this is true for all x%, the result follows.

We next look al the points in the closure of G,/ T that lie in the reflexive
space R5: formally, we look at

(G./T)RS.

This is the set of points (x,x) such that the preferred setl to x, G.(x), has a
given normal T at x. [t is clearly somorphic to the set of points in the
commodily space where the individual indilference curves have a normal T
This 1s what Gorman {1953) calls an Engel curve, and what we shall 1erm a
tangency parh, as il shows tangencies between indifference surfaces and
budget lines al various income levels and at constant relative prices given by
T

We use the term tangency path, rather than the more familiar terms Engle
curve or capansion path, quite deliberately, as the two may differ, An
expansion path gives the locus of consumplion bundles chosen by a wtility-
marimising consumer al lixed prices as his or her income level varies. If non-
negalivity constraints on the consumption choice are binding, so that the
chosen bundle is on the boundary of the positive orthant, then the choice

"In fact what we are using here, 15 that the sum of boundary points with a common langent,
is a boundary pomt in the sum.
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will not, in general, be at a point of Langency between a budgel line and an
indifference curve. The expansion paths will thus contain segments in the
boundaries of the positive orthunt not characterised by tangencies: fig, 1
illustrates this, Though these boundary segments may be relevant for demand
aggregalion, they arc not so for preference aggregation, as the apgreguate
preference is constructed by assigning 1o a point xe R" a preferred set piven
by the sum of the preferred sets 1o points ¢, which sum to x and in addition
are characterised by a specific tangent to the indifference surface at x,. Il x; is
a boundary point, by the smoathness of preferences we may assign o il a
tangent given by the limit of tangents to indifference surfaces al a sequence
ol points convergent to x,. Consequently, we define a tangency path o
contain only true points of langency between ndifference surfaces and
budgel hyperplanes of a given slope.

Fig. | 0AB 15 an expansion path, bul 48 15 8 tangency parh. The tangent (o an indifference

surface at A is the hmit of the tangents al a sequence of poinis converging o A fiom mside (he

pusilive cone. All points along AB thus have the same tangeni, and this s in general dilferent
from the tangent a1 points along (0.4

For homothetic preferences, these paths are rays, as all scalar multiples of
a paint have the same normal. More generally, under regularity assumptions,
these scts are manifolds of dimension one in R,, which we look at imbedded
in RS, the diagonal of R* xR To see this, let U; be the utility function
representing individual i's preferences, and DU, be the first derivative. Then,

DU,:R,—R,.
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However, only normalized gradient veclors are considered, as we work with
ordinal preferences. Thus, two points in the choice space H, are said Lo have
the same tangent if the normals to the indifference curves al those points are
parallel, even though the normals to these may be of different magnitudes.
The normalization of the gradient vectors of U, gives a map from R, inlo
5 !, the sphere in R, all colincar vectors increasing in the same scnse arc
now identified. Let & be the normalisation operation; then

M Rl _{UE —5"" l1

and a langency path is the inverse image of a point in §° U under the
compaosition of DU, and N denoted N - DL

By assumption (A8, N-DU, is a regular ! function, so the inverse image
of a point on 5* ' is a C' manifold i R, [Hirsch (1975, p. 22, theorem
1.2}]. Also, by Guillemin and Pollack (1974, p 1), the inverse image 15 a
manifold of dimension 1. The tangency paths are thus smooth curves in R/,
and therefore

(G,/T) RS
is 2 smooth curve in RS, the diagonal of R, = R,.

It is clear that if preferences are smooth and transitive, there can be only
one tangency path through any point. Formally, if T' and T are two distingt
normalized gradient veclors,

[G,/ T~ RS A (G T" RS =¢.

If the aggregate relation is 1o be transitive, we need to impose condilions
which ensurc that the set G* has this property also.

The essence of this problem is that we have several families of curves
in RS, given by the tangency paths of the individual preferences, one family
per prefercnce. Lach family 15 non-intersecting, fills the space, and is indexed
by T. We sum these by summing over all families the curves with a given
index T, and require that the family so constructed has the non-intersecung
property. Formally,

(G,/T) RS

defines a family of curves in RS, and we look at the aggregate family whose
typical member 15 obtained as

M - .
L AG/TIA RS,
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For transitivily of the aggregate relation, it is mecessary that this is again a
family of non-intersecting curves, In general, of course, the vector sum of the
graphs of two or more curves is not the graph of 4 curve — eg, the sum of
two non-parallel lines in R, is a two-dimensional set. However, Lemma 5,
given in the appendix, conlains necessary and sufficient conditions for this
aggregate 1o be a family of curves having the non-intersection property. The
economic implications of Lemmas 5 and 6 are summarized in the lollowing
theorem (Theorem 3), which states these conditions in terms of the properlics
of consumer cxpansion paths. Theorem 3 represents a generalization of
Theorem 3 of Chupman (1974), which gives related suflicient conditions. We
are now, of course, assuming as in the carlier literature, that all consumers
face the same prices.

Theorem 3. The following are necessary and sufficient conditions for the
aggregute relation G* to define a transitive and irreflexive preference. For each
individual i the tangency paths on the positive orthant should be u set of the
S

UL ER":y, =a(TV+B(Th,, i=1,...,n},

where

vieR,_y, neR,, BTIER, |, a(T)eR,_,,
and the tangency path intersects in the negative cone
Froof  This follows immediately from Lemmas 5 and 6 of ihe appendix.

Thus the tangency paths of all preferences should be strarght lines, and
parallel across preferences for any given set of prices. Homothetic and
identical preferences, as discussed in the previous section and stipulated by
Samuelson, mect these conditions, but such strong restrictions are not in
gencral necessary. Il the preferences considered are complete, the possibility
of inferior goods is ruled out by the condition that tangency palhs cross only
in the negative orthant. Note however thai completeness is neither assumed
ol individual preferences, nor established for the aggregate.

A special case considered by Gorman is the following;

*le. the sets of veciors with no component posilive.
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(AY) For any x% [x:00(x)z U (")) is interior 1o the positive orthant,
Thus no indilference curves may cul an ais,

In this case, expansion paths musl pass through the origin, in which case
we have:

Theorem 4. If individual preferences sarisfy (AY], then o aecessary
sufficient condition for (:* to be transitive and irveflexive, is that all preference.
dare identical and homothetic,

Proof.  Apply Theorem 13, noting that a,(T)=0, lor all i.

This is presumably the case envisaged by Samuelson and also by Chipman
{1974, theorem 3) who gives suflicient conditions for aggregation. Note that
in this case if the individual preferences are complete, then it 15 easily shown
that the aggregate ordering is complele, whereas under the less restrictive
conditions of Theorem 3 this is not always true. Further conditions are then
needed for completeness, and we now invesligate them.

First, consider preferences thal have the property that the tangency paths
all intersect in a single point {outside of the positive orthant).

Lemma 7. A family of preferences with tangency paths of the form
yi=adT)+ TN,

hus only a single point of intersection of these paths in the negative cone if and
anly if the paths are of the form

(y; + A =M TN, + 8,

where §(T) is as above, A,e R"" ', B,e R, A, =0 and B, =0

Proof.  This is obvious from the fact that all paths must meel at onc point,
say, (A, B,)e R*, which is then taken as the origin for writing the equations
of the tangency paths. If the intersection is within the ncgative conc, all
components of {A,, B,) are non-positive.

In economic terms, Lemma 7 implies that il preferences have the degree of
similarity required for aggregation, and all have a single point of intersection
of their tangency paths, then they are all generated by taking a given
homothetic preference, translating its origin into the negative cone, and then
taking as the preference the restriction of this o the non-negative orthanl. In



48 . Chichinisky and G. Heal, Community prefivences and social choice

this case, we will term the preference family affinely  homotheric  and
identical ®

Theorem 5. If preferences are such that their fungency puths have a single
point of intersection, then a necessary and siffivient condition for the o+
aggregate (o be complete, irreflexive and transitive, is that the preferences ure
affinely homothetic and identical.

Froof.  For irreflexibility and transivity, this is merely a restatement of
Thearem 3. Complelencss is evidenl, as the new preference has CXPAnsion
paths of the form

(y+}“_d,.)=mn(r+)“_ﬂ,} y=Yy, t=Yu,

which are again affinely homothelic and identical, with the point of
intersection the sum of the points for the individual preferences. This
establishes the theorem.

It is worth remarking at this point that there is a dilference between the
conditions needed for preference aggregation, and those needed for demand
aggregation, Our results are of course concerned with the former. This
difference can be best scen by refernng 1o fig. 1. The theorems above show
that prefercnce aggregation requires that tangency paths such as AB should
be parallel across individuals at a given set of prices: demand aggregation,
however, requires thal expansion paths such as (04 B salisfy this properly. This
is clearly a stronger restriction, and accounlts for the fact that the necessary and
sullicient conditions given in our Theorems 3 and 5 are weaker than
equivalent conditions given for demand aggregation, as for cxample in
Theorem 4.5 of Chipman and Muoore (1973). It is clear that this diference
arises from the existence of boundaries (o the consumption set, and that, if the
‘consumplion scis were unbounded, then the (wo problems would be the
same,

*This 15 similar but oy sdentical 1o Gorman's [1978) concepl of quasi-homotheticity  Quasi-
homotheticity is a property of individual preferences, and requires that they have linear Engel
Curves. In general, our resulis appear (o be closely related 1o those of Gorman {1953), though
there arc significant differences. The introductin of Ciorman’s paper fpara I po 5% gives a
heunstic statement of his resulis which is clearly similar to Theorems 5 above Howeves, the
formal charactensation of preference [amilies which can be dggregated, given i his Theorems 9
o 11, p. 73, appears to be quite dilferent and s @wven by a oset of differential gL liens.
Goman's analysis also differs from ours in ol considering the issue of completeness, and in nol
noling the disiinction between prelerence familes which do or do not have umbyue pannis of
wieisection of their families of langency paths OF course, our methodology s alse diferent: i
yiehls aggregation results for the cases when individuals may face dilferent prices, and also gives
results m & form which allows a compansoen wilh aggregation problems in socil choice theory.
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Fig. 2

It is clear that preferences need not have tangency paths with a single
point of intersection, as fig. 2 shaws. In this case, Theorem 3 still applies.

The condition that preferences by affinely homothetic and identical 15 a
simple and intuitively appealing condilion in geometrical terms. It can also
be given a very straightforward cconomic interpretation. We shall show
below that if preferences are affinely homothetic and wdentical, then they can
in cffect be made identical by some suitable reallocation of the individuals’
initial endowments. In other words, a necessary and sulficient condition for
the existence of an aggregale preference in the sense of this section is that all
individual preferences can be made identical to a specificd homothelic
preference by a suitable reallocation of initial endowments.

To interpret the condition of being aMinely homothetic and identical in
more detail, we need a definion:

A Tamily of preferences represented by a sel of continuously differentiable
ordimal utility funcuons (i, ;... e} 13 caid 1o be affinely homathetic and
identival (AHI) il there exist a continuously differentiable  lincar
homaogenous ulility function ug, and a sel of constant vectors £, €R,, such
that for all xe R,

uix)=uyln + &) i=L2....m
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The tangency path of a member of such a family is given by the sel of
points where its normalized gradienl vector assumes a particular value, ie,
the tangency path is of the form
{xeR,:||Dux)| =T}
But by definition, this equals
{xeR.:||Dugix+ Z,)|| =T} ={xcR,:x+ Z, =y, [lDug x| =T},

as uy is linearly homogencous. Fig. 3 illusirates this set for the case n=2 it s
Just an affine translation of the ray alone which |[Dug(y)||=T. For a similar
use of affinely translated homogeneous functions, see Brown and Heal [ 1440,
We can now return to the cconomic interpretation of this condition,
Consider the lollowing ulility-maximization problems, where w, is individual
I's endowment vector:

maxuy(x) subjectto p-xZpow,, Q)

r::.-:y-zl | -

: Pt
I';l.-.||l:lu:u.'.-. Tl

Fig. 1
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maxu(x) subject to p-xZpow. {0,

Now. il we are considering an aflinely homothetic and identical famaly, ()
can be rewnillen as

maxuylx +Z,) subject o prxSpew Q)
Define a new variable g, = x+ Z;. Then (Q,} can be cxpressed as

maxuglq,) subjectto prlg—L)Spw. Q)
that is,

max uglyg,) subjectto pq Epowi+pZ, (Q.*)

Hy comparison of the problems (Qy) and (Q,*). we scc that the budget
problem of a typical member of a group of individuals with affinely
homothetic and identical preferences is wdentical with that of the individual
wilh homothetic preferences u, from which the remainder of the family were
generated, subject Lo the amendment of individual zero’s budgel constraint
by an amount p-Z;. Thus, if preferences form un A HI. fumily, the budget
problems of individuals can be reduced to a single budget problem of an
individual with homothetic preferences by chunges in their initial enduwment
pectors. So intuitively one might say that, when tangency paths have a single
point of intersection, the necessary and sufficient condition for preferences (o
he aggregoied is that the differences among them, and their departures from
homotheticity, can be removed by suitable changes in initial endowments.

In this section we have reviewed a method of aggregating preferences by
summing certain subscts of their graphs, The subsets selected, namely those
that were preferred sets (o poinls with a given normal, had a natural
economic interpretation. However, il is clear that many other forms of
aggregation could be defined by selecting different subsets of the graphs. For
example, in his Theorem 4 Chipman (1974} considers the aggrepation of
homothetic preferences when the distribution of income is fixed. This can
casily be formalized as summing rather different subseis of the graphs from
those that we considered. In particular, it corresponds 1o summing subsets of
the graphs which are preferred sels o points which all have a given normal
and also satisfy the income distribution rule. Chipman establishes that
homotheticity is sufficicnt for aggregation with a fixed income distribution. It
is clear from the abuve that homotheticity 15 not necessary: with a fixed
distribution of income, we can aggregiale preferences that form an AHL
family. No member of such a fammily need be homothetic.
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4. Graph aggregation and social choice theory

We shall prove that the results on graph aggregation, and in particular
those on the Gorman-Siolper-Samuclson aggregation rule, can be related 10
recent results in social choice theory given an Chichilnisky (1980} and
Chichilnisky and Heal {1979},

As scen in Theorems 2, 3, and 4, Sections 2 and 3, the graph aggregation
rule and the Stolper Gorman-Samuclson rule, are only well defined under
very restrictive conditions on individual preferences. It was shown in
Chichilnisky (1980} that in general, no continuous aggregation rule for
preferences may exist that is simultaneously anunymous and respects
unanimity. In the following we shall prove that the «* aggregation
procedure, which is clearly continuous and anonymous, does not in general
respect unammily: it will be shown 1o respect unanimily only in a vErY
special case. This therefore agrees with the impossibility result Just cited,
However, there is a simple transformation of the G* procedure which does
meet all three conditions of continuity, anonymity and respect of UmAnimity,
This aggregation procedure will be shown to be defined only on families of
preferences which come within the scope of Thearem | of Chichilnisky and
Heal (1979), which gives necessary and sufficient conditions on the space of
preferences for the existence of a continuous anonymous tule which respects
unanimity. In this latter case, the space of preferences is contractible, ie., it
can be continuously deformed into a single preference.

We next turn to a demonstration of the fact that the G* procedure does
not in general respect unanimity. This fact is easily seen. To a point x in X,
the G* procedure assigns a normal identical 1o the normals of the preferences
indexed by i=1,2,..., M, at points x; satisfying

(a) Exi =X,

and

(b} Tix)=T,(x;,) foralliand;j

The normal assigned to x is thus not related to the normals of the
individual preferences at x, and it follows that these could be identical and
yet the outcome at x differs from them. Thus all individual preferences might
be identical, yet the social preference would differ from them, so that
unanimily is not respected. In fact, one can establish:

Theorem 6. The * pracedure respects unanimir ¥ o and only if preferences
are identical and homothetic,

The proof 1s immediate.
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In the case of identical preferences, the space of preferences 5 a point,
clearly contracuible, and contractibility of the space of preferences s,
according 1o Theorem 1 of Chichilnisky and Heal {1979), a necessary and
sulicient condition for the existence of a contnuous anonymous and
unanimity-preserving  social choice rule  when there are finitely many
individuals,

We next turn to a modification of the G* procedure which respects
unanimity whenever it is defined, while still being continuous and
anonymous, For reasons which will become obvious, we denote this modified
procedure by Gy, il M 15 the number of agents. Let p,,..., py be a preference
profile within the domain on which G* is defined, and let p be the oulcome
assigned to this by %, e,

G*py o Pu) =P
Let p' be the outcome assigned 1o the same profile by G, ic,
GLip. - Pu) =P

Then p' 15 constructed so that the normal to the indifference surface al any
pomt x in R is identical 10 the normal assigned by p 1o the point Mx, ie,

T'ix)=TiMx).

p is thus constructed by "pulling back' the preference p toward the ongin by
a lactor 1/M,

Theorem 7. The GY procedure respects unanimity whenever it yields o
preference,

Praof. Consider a profile py.pa.--- . Pa Let
G*pi- Pud =P
Now by construction (sce the discussion lollowing Lemma 4],

M
Tixh=Tyx )=Talxz}=""= lxy) where igl";i=t'

Thus p assigns to x a normal equal to the common direction given by the M
individual preferences 1o points x, whose sum is x. So in particular il

pi=pr2=p=""=Pu=M
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Tix)= T(—I- x) (a)
; )

GhlPy - Pul=p",

then

But

where
T*(x)= T"(Mx).

Hence,

T (;?x) =T'|x),

and by (a),
S0 1
T (___,[)_T(J_l)_

Thus il all individual preferences assign the same direction 1o a point, then
i yields a preference giving that direction. This completes the proof,

The G procedurc is thus a continuous anonymous social choice rule
which respects unanimily whenever it is defined. Now Theorem 1 of
Chichilnisky and Hcal (1979} states that a necessary and sulficient condition
for the existence of such a rule, is that the space of preferences is contractible,
Intuitively, a contractible spacc is one which can be continuously deformed
through itself into one of its poinis.

In Theorem 5 above, we showed that, il our attention is resincied to
- preferences whose tangency paths have a unique point of intersection, then a
necessary and sufficient condition for G* (and su G} agpregation (o yield a
preference which is complete, is that it be applied 1o prelerences which are
affinely identical and homothetic. But if preferences are allinely identical, it is
clear that there is a continuous deformation, indeed a linear translation,
which will make them identical. This translation is one which sends every
point on a ray, along that ray and into the origin: this, when applied 1o the
translated ongins of the preferences, precisely undoes the process by which
members of an affinely identical and homothetic family are generated from a
single homothetic preference. This translation enables us to deform a space of
AHL preferences continucusly through itsell into one of s poinils,
eslablishing thal it is contractible.

We see from this thal, in the case of preferences whose tangency paths
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huve a unique point of inlersection, there is indeed a deformation meeting
the conditions of Theorem | of Chichilnisky and Heal (1979}, cited above.
The fact that there exists such a deformation that is lincar, follows nalurally
from the fact that the operations involved in defining G* and GY, are entirely
lincar operations. These are linear social choice rules, and lead 1o a
satisfactory outcome on spaces of preferences with lincar langency paths
which are identical up to linear transformations. As in the earlier sections,
the case of preferences whose tangency paths do not have unique points of
intersection remains Lo be treated.

Appendix

Theorem 2. If preferences satisfy the conditions of Theorem 1 and are
complete, then they are homothetic and identical almost everywhere.

Proof.  The sufficienl conditions of Theorem 1 are that there exisls an open
half-space § in R,,, supported by the ongin and with RS in its boundary,
such that
G, =5 forall i
Now, il preferences are complete, then by Lemma 2, for almost every
ix, y)e R1,. cither (x, p}€ G, or (y.x)e G, We shall also show that for almost

every (x,))€ Ry, either {x.y)eS or (y,x)eS, where 5 is the hall-space of
Theorem 1, represented as

S=lx.y):p(x, =0} forsome peRy,

We know that RS is in the boundary of 5. Now by definition, RS = {(x, y}
x = y}. Hence, we have

peix, x)=0,

Therefore, if we partilion p inlo lwo p-component veclors py and p,.
p={pi.p:)

py-x= —pp'x forany xeR,.
Consider (x, yle 8. It satisfies

plx =0, ic, pox+pyy>0,
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by defimition of §. Since p,-x= —p; - x and p,-y= —p; v it follows that

privx)=p y+pyx=—p-x—p;-y<l

So lor almost every (x, y)e R, cither {x, p)e S or (v, x)€5. Since under the
conditions postulated, G, < 8§, G, < Ry, and for almost every (x, yie R;,, both
the lollowing stalements are true:

(x e, or (yxedG,

(x,¥)ef  or (y.x)ed

It follows that G, and § differ on K], by al most a set of measure zero, For
suppose this 1o be false. Then cither there exists an open st U, Uc 6, and
L'¢ 8, or there exists an open st U, U< S and U¢ G, The hirst of these is
impossible, as G, < 5. In the latter case, let

RiUY= {{x, y:(p. x)e U},

This is also an open set in Rf,. It is not contained in 5 and hence not in G,
This vielates Lemma 2.

We have now eslablished that G, and § are identical on A3, up lo a sct of
measure zero, and hence that all G, are identical up to a set of measure zero

Mow the intersection of § with R3, is a cone with vertex at the origin.
Clearly, if the graph G, ol a preference is a cone with vertea at the origin,
then the preference is homothetic. For {x, y)e G; implies (dx, Ay)e G, for any
posilive scalar 4. Hence, x preferred to y implics ix preferred 1o dy. This, in
turn, implies homotheticity. To see this, consider a scquence x,eR,,
salisfying

lim x,=x, x.px xiy.

Ll -

Then,
lim dx, =dx, ix pdx, i=0

wEan

We have Lo show that Axi dy. Suppose nol. Then either ixp, Ay or lyp,dx In
the first case,

(Ax, Ay} G, but {x, yigG,.
In the second case,
ldp, dx)eG,, bul (y,x)¢G,

In both cases, we have a contradiciion,
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We have now shown that the graphs of the preferences are identical up to
sets of measure 7ero, and equal, up Lo a sel of measure zero, (o the graph of
a homothetic preference. This completes the proaol.

Lemma 5. For each i=1....M, et y,=firh yeRy .. LER be the
equation of a smooth curve, and its graph be Co=t by = fli)) in By

Consider Y M | C;. A necessary and sufficient condition for there to exist 4
curve R, —=R, -, with y= St} such that

M
}_: C= i yry=fin}

is that the f, are of the form y; =u, + pt; with o, fie R, _,-

Proof,  Sufficiency follows immediately from the fact thal

i f‘.={u.y}:p-—@u.+ﬂ:}. :

To estublish necessity, note thal

_zfi = {{rs JAELAY IE‘{IH_E“J”}-

In general, this can be interpreted as the graph of a function H: R —K, .
because fit,) depends on I, {and not on ¥,1,), and assumes a dilferent value
for cach M-tuple (1, .. Ty} However, what is required is the existence ol
another function, R, =R,y such that

.EC" ={{r, py=finh

namely, that the function whose values are Y04 actually depends on
¥, 1, only, e,

Ef'“'] = f(? I;)=E",f.-{l;]' whenever Et,- =§ﬁ--

If this were the case, then for any increment ez,

Sty +e)h+ ity —e) + EI fite)= % Sk,
= !
SIMCE

(1, +ep il - B=1, +13.
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This implies, in particular, that

Bt )=Df(1;) for all t, and I *)
sauisfying 0=t, +¢, 23, 1,. In particular, when 1, =1,,

Dfy(1,)= Dfyr,), (**)

so that from (*) and (**),

Dfi(t)) = Dfin,) = Driie,).

Therefore, Df, is a constant over the relevant range. Since the same argument
is valid for all the f,, they arc linear with identical gradients. This completes
the proof.

Lemma 5 gives us necessary and sulTicient conditions for the sum of curves
to be a curve. Therefore, it enables us to state immediately a condition which
is necessary and sufficient for the closure of the graph of the appregate
relation, resiricted to a given tangent, lo have an intersection with the
reflexive space RS which defines a curve. This is, in turn, a NECESSATy
condition for EIG,_,TIHRS to dehine a non-intersecting family of curves.
The condition is that for each i, (G, T}~ RS is of the form

¥i =ai{n+ﬁln"‘ll j'riEer-ll '!IERI'

The following lemma gives conditions sufficient to ensure that the
aggregate family of curves is non-intersecting, so that the langency paths of
the aggregate relation are non-intersecting in the choice space,

Lemma 6. Consider M families of curves in R, defined by

.I'rl=|=4|“?.j +ﬁ‘nrll PiERl - Is IlERll

where i is the index of the family and T is a purameter in B, Faol family
i=12,... M satisfies:

(a) there is one member of the fumily through every point of R,
th) any point of intersection of two members of u fumily corresponding 1o
different T values, will have all of its COMPONEALS nom-positive.
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Then no fwe members of the gegregare fuamil y
y=2 ol Ty + T
will intersect m Ry
Proof.  Consider
y=a( T+ AT, yi=at T BT,
for T+ T. At an inlerscclion, the RHS are equal, s0 1, satislies

(=T =ad T -2l T (Al

Consider a 1, satisfying (A}, Recall that 1€ R, Tt must be non-positive by
condition (b) of the lemma. Now consider the aggregate family

y=Ya M)+ fiTH,  p=2alTHMUTN

and consider the set of 1 for which the RHS are equal,
(MT)— B T.'!.'H:}_:iﬁilﬂ ~x (TN

As each element of the sum on the right is a non-posilive scalar muluple
(T - JT, the result Tollows. -

The lemma shows that, given complete preferences with YGTn RS -
the appropriate forms, condition (b} 15 sufficient for non-intersection of ti
apgregate family. 1t is also necessary in the sense that il this condition 15 o
imposed, 1l is always possible to find a pair of complete familics with
intersection in R, whose sum nevertheless is not frec of intersections. Fig
illustrates this, The aggregate of this family thercfore cannol be a Lransiti
relation.

It should be noted that condition (b) of Lemma & imposes @ Monolonic
property on preferences. Conditon (b} regquires that the intersection of 1
two langency paths hes in the nonpositive orthant In this case, any langen
pith n the posilive orthant must be non-decreasing in every dimension.
that preferences arc monoLone in the following sensc:

uzh—apih  [orany i



1] G Chichelmsky amd G Meal, Comemuant o preteren o aind sevenal chiice

Fig 4. Two familes wih intersechons al A and B, 1heir sum has intersections al = 4 4 M.

We now have the necessary and sufficient conditions for

to be a non-intersecting family of curves in RS. This non-intersecting
property implies that at any point there is a unique most-preferred direction,
and hence, given smoothness, a unique indifference curve, Together with
irrefllexivity of the strict order, this implies local integrability and local
transitivity. However, as noted above, condition (b} of Lemma 6 implies that
preferences are monolone, which implies that local integrability is equivalent
to global integrability [see Debreu (1972)]. The conditions of Lemma 6 are
therefore necessary and sufficient for transitivity of the aggregate relation.

The conditions we have discussed so far can readily be transformed mto
more familiar conditions on preferences. We have investigaled conditions on
paths in RS which link points with a common tangent. RS is a space of
dimension n and can be projected by taking its first n components onto the
choice space R,: the projections of these paths then become tangency paths
in R,, i.e., paths linking choices al given prices but different income levels.
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