SOCIAL AGGREGATION RULES AND CONTINUITY®

GrACIELA CHICHILNISKY

It is shown that any continuous social aggregation rule for smooth prelerences
cannol simultaneously satisfy the properties of anonymity and respect of unanimity.
This iz true even when all individual preferences are linear. The relationship hetween
the conditions en Lhe soecial rale studied here and those of Arrow's paradox is discussed.
The first resull requires that the normalized gradient of the social choice rule b de-
finable in the interior of the chuice space, thus indicating a direction of increase of social
preference. A second impossibility result extends the firgt to cases where the gradient
of the social preference may vanish in the interior of the choice space.

[ INTRODUCTION

The vast literature on Social Cholee makes little use of the con
tinuity properties of the social aggregation rule.! This may be due to
the fact that following Arrow's [1963] pioneering work, most existing
work has [ocused on problems where the individuals lace a finite
number of choices, and is therefore formulated in a combinatorial
fashion. However, while problems with finite choices scem in principle
sirnpler to analvze, in effect they may require the use of technigues
that limit our intuitive geometric understanding.

In this paper we study instead problems of agoregation with
preferences defined on Euclidean choice spaces; preferences are or
dinal (1.e., no intensities are registered) and are here assumed to Le
continuns and, furthermore, smaooth. In this context the continuity
of the aggregation rule that assigns a social preference to the indi-
vidual preferences is definable, and can be argued 1o be a natural
property. One reason for requiring continuity is that it is desirable
for the social rule to be relatively insensitive to small changes inin-
dividual preferences. This makes mistakes in identifving preferences
less crucial. It also permits ane to approximate social preflerences on
the basis of a sample of individual preferences.

The main result in Section 1T has been proved m Chochilmsky
[1980] using algebraic topology, and vne purpose of this paper is ex
pository: toe present and discuss this result i relation to existing ones
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in the literature. It is shown there that two properties of continuous
aggregation rules, anonymily (symmetry with respect to voters) and
respect of unanimily (unanimity of individual preferences over all
choices is mirrored in social preferences) are mutually inconsistent,
Particular examples are discussed.

Section 111 discusses the relationship of our results and conditions
with others in Lhe literature—in particular with Arrow’s, Section IV
proves a new impossibility result, for cases where social preferences
may have an undefined gradient. This latter result therefore extends
the previous one, which is valid only for rules with nonvanishing
gradients in the interior of the choice space, but requires a stronger
condition than respect of unanimity, i.e., the rule must satisfy a Pareto
condition.

The results indicate that certain basic problems of aggregation
derive from the underlyving global topological structure of the spaces
of preferences.

11 AN IMPOSSIBILITY THEOREM FOR CONTINUOUS
AGOREGATION RULES THAT RESPECT ANONYMITY
AND UNANIMITY

The social choiee problems considered here are akin to those of
selection of & vector of public goods, and therefore, lend themselves
nalurally to representation in Euelidean space. We consider here a
choice space X, which is contained in the positive orthant of n-Hu-
clidean space, e, in the set of positive n-dimensional vectors denoted
by Bt X is here a cube in 7Y, but more general choice spaces in
Fuclidean spaces could also be chosen without affecting the results,
A preference pois identified by assigning to each cholee x in X, a veclor
pix), which is the gradient of a (differentiable) utility function defined
un the chiice space. This direction is that of the normal to the tangent
plane of the indifference surface through the choice x; i1 can be
thought of 45 a “most desirable” divection, since it is the directivn of
the largest increase in utililty, The preferences considered here are
mlegrable and smooth, i.e., they are representable by smooth utilivy
funetions on the choice space (see e.g.. Chichilnisky [1976]).

A preference p iz therefore represented by a vector freld on X
which assigns to each choice x in X a gradient vector pix). Since no
intensities are considered, all vectors are of the same length, say ol
unit length. The space of preferences I is then defined as the set of
all O {eontinuously differentiable) integrable unit vector fields de
tined an the choice space N. Figure I represents such a prelerence in
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Frcure 1

a two-dimensional choice space. We assume there are & individuals.
A social aggregation rule for individual preferences is a function that
assigns to each k-tuple of individual preferences called a profile,
another preference in P, called a social preference. The condition that
the social preferences be smooth integrable vector fields is not es-
sential to the results given below, but it simplifies the expaosition.
What is required for the impossibility results given here is that the
social preference defines at each choice a “most desirable” direction
in a continuous manner. In particular, since each vector is normalized
50 as to be of unit length, this implies that the gradient vector field
hefore normalization does not vanish in the interior of the choice
space, since ntherwise the normalized gradient is lefl undefined. The
role of nonvanishing condition on vector fields is discussed in the
examples give below. This condition is relaxed in Section IV, where
preferences with vanishing gradients are studied.

In symbuols, a social choice rule is a function from k-tuples of
individual preferences into social preferences,

¢:Pk — P,

In order to define continuity of ¢, we define convergence in the space
of preferences. A sequence |p/i converges Lo a preference p when the
preferred directions of the p/’s converge uniformly to those of the
preference o, e,

(1% sup || pixdy = piixd || — 0
e
This induces 1 corresponding product topology? on the space of pro-
files £,
S With this topsbogees Fowdll not be o camplete topelegical space, bl conlinuity

of the man & can hestoadied, TEwe add vs the convergence rale 1Ly, Lhe sequirement ol
comvergence ol Lhe derivatves,

(2 sup || Dl = Deded ]«
P
then & becrmes o complete topoelugical space with the composite of Lhe bwo convergence

riles 1171 and 19*1: thizs 15 hecause the space of O veetar helds with the U anp noarm
is closed. The results given here are valid in both Lipelogies,



:34[-} QUARTERLY JOURNAL OF ECONOMICS

¥ipnpplix)

palx)

3{!]

Ficurge 11
The case of two voters and two-dimensional choices: the choice space is the unit
cube 2 The space of linear preference ean be identified with the cirele SL

THEOREM 1. There is no aggregation rule ¢:P% —» P that satisfies

(1) ¢ continuous;

(2) ¢ is anonymous (i.e., Bl pa, ..o, Pyl = &pny, .., poy),
where IT;, ..., IT, denotes any permutation of the indices
1,...,kPand

(3) & respects unanimity (i.e., pip, .. pl=pforall pe P

This is also true when all individual preferences are additive, ar

even linear, i.e, having constant gradient.

Proof. We shall first discuss a particular case in order to give a
geometrical argument underlying the general result. Let the chojce
space X be two-dimensional, for example, a unit cube denoted /2 a8
in Figure I Assume, in addition, that the space of preferences consists
of linear preferences only. Denote this space &,

Let 0 be the center of X, Then each preference in & can he
uniguely identified in this particular case by one vector p of unit
length, the normal to all the indifference surfaces of the preferences,
i.e., by a point in the circle 81 In this very special case and with two
individuals, the theorem states that there exists no continuous mapg
¥ assigning to each couple of points (p,p=) in St a third point pin
&t osuch that

‘,E’{J'JJ,!J'AJ = v’flipz,m}

Ao Arule s ancrrymoies when the value of ¢ is invariant under permutation of
1t arguments; ie., the order of the volers does nol alfect the resulrs, Muole that ano-
BN MLy 18 Dol &N appropriate voncept when the elements of the choice space X are al-
Incations of private gonds. Farther arguments musl be given for this case, sinee inter-
changing preferences in this caze should entail o corresponding interchange of con-
surmption buondles
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{i.e., the value of  does not depend on the order of the preferences
py and ps), and such that if py, = ps, then

Ylp1,pa) = prl=p2)

We shall now discuss why two seemingly obvious candidates for
such a map  actually fail to satisfy the conditions.

Let p; and ps be two vectors in 5! and let Y(py,p3) be the unit
vector in a direction that is determined by half the angular distance
between the two vectors py and pa (see Figure [T

MNow let p; rotate around the boundary of the cirele ST clockwise
{starting from pi). Then as p; — p» (completing the rotation of the
cirele), by definition of , y{p,,p2) must converge to pa. However, by
condition (3) ¢{p,ps) must also converge to ps, by continuity, and
since p; converges to py. Therefore, this rule does not satisfy the
conditions. A similar problem would arise if the rule assigns half the
larger angular distance between p, and ps.

Another plausible candidate rule of aggregation would be one
induced by the vector addition in K*. However, the rule ¢(p,p2) =
p1 + pz does not define an ordinal preference, since even if p; and ps
are of unit length, p; + pp may have any length from 0 to 2. In order
to obtain an ordinal preference, the addition rule could be modified
by the normalization,

@+ P

i) = .
|| 7+ ol |

However, this newly proposed rule presents several difficulties. One
is that, since py + pe = O when p; = —pg, the outcome of #{p1, — p1)
iz not well defined, since the denominator in the definition is zero.
Therefure, the alternative for the rules induced by vector addition
is either to vielate the condition that social preferences be ordinal
{which goes against the spirit of much of the social choice literature
because of the usual problems associated with utilitarian analysis),
or else Lo accept a social preference that is left undefined in a number
of cases.

Il ene attempts to accepl the latter, extending the rule so that
it assigns the cuteome

py t pe
oo+ pa |l
whenever p; # —po, and il assigns the vectur zero as an outcome when
[ = —pg, thizs violates the axiom of continuity of the social rule, as can

be checked by examining the sequence |plppa )], 88 o, —5y
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FicUure 11
The Condorcet triple is represented here by linear indifference surfaces of thres
preferences p1, pa, and pa. The three arrows indieate the most desirable directions
of py, pr, and ps. The three arrows indicate the most desirable directions of py, pa
and pj &t the choice x in X, a, b, and ¢ are choices in X: gy prefers o, b.e {in that
arder), ps prefers o, a, b, and py prefers b, e, a

One may then attempt to accept some violation of the axioms,
e.g., that ¢ be discontinuous in certain profiles, by arhitrarily assigning
dlpr, = p1) = 0when p; = —p,. As shown in Section IV, this proce-
dure will still cause difficulties.

It should be noted that in this case {preferences in &) one is not
only accepting the existence of discontinuities, but alse the possibility
that the social preference be indifferent among all choices. This is
because when ¢(p1,ps) = 0, the outcome, being the zero vector in K2,
represents a linear preference that gives identical value o all choices
(its indifference surface is all of B2), not a preference with just one
{or several) of its gradient. vectors equal to zero. This represents a
significant form of indeterminacy of the social rule.

The problem posed by this proposed rule becomes even more
evident as we consider the case of three or mare voters, as s done in
most of the social choice literature. For instance, with three voters,
il p1.p2pa) will be zera when py = —{p2 + p3). However, il can easily
be checked that these three preferences gy, pa, and P in fact define
a Condarcet triple for certain choices @, b, and ¢ in X. Far example,
ifa, b, and ¢ are as in Figure 111, there p, prefers a, b, and ¢ in that
order, ps prefers ¢, a, b, and ps, b, ¢, @, respectlively, Therefore, the
preferences py, ps, and ps, and the choices a, b, ¢ define a Condoreet
triple. Since ¢(p |, pa,py) = 0, this implies that the rule assigns to this
Condoreet triple a social preference that is indifferent over the three
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choices, a, b, and ¢, and, moreover, among all other possible choices
in X. Evidently, this cannot be considered a satislactory solution of
the social choice problem; in particular, if such trivial outcomes were
acceptable, neither Condorcet’s nor Arrow's paradoxes would hold.
It is easy to check from Figure IIT that, for the addition rule described
above, this problem will arise not just on one set of three choices
{a,b,c) but also on a set of positive measure of choices (a’b' 0" in
R24

A similar problem arises with an arbitrary number of voters ki{k
= 3) as one can always consider a subset of three voters that form a
Condorcet Lriple,

We shall now discuss a line of proof for the whole space of pref-
erence P. Note that even though for the restricted domain of linear
preferences (§ (i.e., when all individual prelerences are in &) the result
holds, it is of interest to prove the result for the case where the social
preferences are in a larger space P. This is because the lack of exis-
tence of an aggregation rule for linear preferences yielding a linear
aggregate preference does not imply the lack of existence of a rule of
aggregation that yvields a nonlinear social preference.

(Consider now the choice space X tobe of dimensionn + 1, n 2
1, Tf x is a given choice in X, then each preference p in P delermines
uniquely a point z in the n dimensional sphere 5™ of radius one, given
by the intersection of the preferred direction vector p (x)with 57 {zee
Figure IV for n = 3). This construclion determines a map 11 from the
space of preferences P to the sphere 5" which is continuous. The
image of this map covers 5", because to any veclor ¢ in S" one can
assign (in a continuous manner) a preference with gradient. ¢ at x.
Furthermore, as shown in Chichilnisky [1980], if a contlinuous
aggregation map ¢ existed with the properties (2) and (3), then this

4. Tt can be seen thal allowiog the sacial choice rule Lo assign a teivial outeome
(i, the total indifference) to a profile of linear individual preference in F, is tanta-
mount to allowing the sacial chuice rule to be a sel velued lunclion {ie., a correspon-
dencel rather than a proper lunction. This means that the rule assigns a set of social
preferences Lo one profile, rather than a unigque prefercnce. The optimal choices nf a
set of preferences are then given by the set of eplimal choiees o vach preference. For
example, if dlppapal = 0when py = —(pa + pal, Uhe set of corresponding oplimal
cocial choices s the whole choice space. [L s well-known that this produces a drastic
difference in sume of the better known results in zacial chotee theory. For instance,
neither Arrow’s impossibility thearem, nor the Gibbard-Satterthwaite resulls un ma-
nipulation (Lhat derive from Arrow’s) hold in gencral when the soctal rule is a set valued
funetion. In an extreme case, this would allow the assignment {in Arrow's theorem}
af the total indifference 1o Lhe Condorcet triple—Lhus destroying his proof. In vur
ramework, a5 seen ahove, the Condoreet triple appears Tor three preferences pr.oe oy
when pp = —(gs + pol iF @ is derived From an addidion rule. We saw that our axiom of
cundintity is vinlabed when ¢ip pegal = 1L Therefore, itappears that the conlinuity
sxium is violaled precisely in the Lypical cases in which the axioms of Arrow’s theerem
hecome mutnally inconsistent, be, on Condoreet triples.
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FiGURE TV

would imply existence of another continuous map  from the product
of the S7 sphere k times with itself to 5", Le,

.&:{Sn'}.‘t .

that satisties the same conditions (2) and (3], on its domain of defi-
nition. ¢ is defined by studying the effect of the map ¢ on the sphere
§7, when combining ¢ with the map I1 described above. Ax shownin
Chichilnisky [1980], however, such a map ¢ cannot exist.

In order to give a geometrical proof of this fact, we shall again
focus on a particular case, where there are 2 individuals and 2 goods
{ie.k=2andn + | = 2), and preferences are linear. The general
proof for any number of individuals and any number of commodities
requires the use of algebraic topology, and is given in Chichilnisky
[1980]. The map y can then be represented as a map from S X S into
51 8!% 8! can he represented in B% as a two-dimensional torus 77,
or, equivalently, as the product space 5' x 51, as in Figure v
below,

The respect of unanimity condition implies that the map ¢ re
stricted to the diagonal ) in Figure V is the identily, i.e., ¥{p.p) = p

(in the other hand, by respect of anonymity, ¥{g.p) = ¥{p.gl
for all p and g in S'. We shall show that these two properties of the
map ¥ are contradictory when ¢ Is continuous. A topological argument
will be used: in this special case the argument can be simply stated
in geometrical terms.
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The torus T is equivalent to the right-hand side figure 57 % 51 when the two sides
A are identified and the two sides B are identified as well, as indicated by the
ArTOWS,

The degree of a continuous map f: §' = 81 is now defined as the
number of times [(S') wraps completely around its image S1. For
instance, if f is the identity map, degree (f} = 1; if f(p) = 2p (in ra-
dians), degree f = 2; if f{S") does not cover S, degree (f) = 0.

Since the set 1) is equivalent Lo a circle 8!, we can define the
degree of { when restricted on D, since §/p:f) — S1. Since ${p,p) =
2

(1) degree f/n = 1.

We can also define Lhe degree of y restricted to the sets A = (p X 57)
and B = (5! % p), since both are also equivalent Lo circles, The respect
of anonymity condition then will imply that

(2 degree /4 = degree /p.

Sinece the cirele I} can be continuously deformed into the union of the
circles 4 and B (see Figure V), it follows that the degree of J on D
should equal the degree of ¢ on the union AL)B; this is also discussed
in Chichilnisky {1979]. We thus have

i3 degree ¥y = degree /a5

(in the other hand, the degree of y on the union AL B is the sum of
the degrees of - on A and on B, 1.e.,

i4) degree ¥/ n = degree /4 + degree /5.

From (1), (2), {3), and {4}, we obtain a contradiction, since these
equations imply that one is an even number. Therefore, such a con-
tinuous rule y satisfving anonymity and respect of unanimity cannal
exist. This completes the proof of this special case.
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III. RELATIONSHIP WITH ARROW'S IMPOSSIBILITY THEQOREM

Two of the conditions in Theorem 1 are ohviously related to
Arrow’s axioms: respect of unanimity and anonymity. While respect
of unanimity is weaker than his Pareto property (which reguires that
if all individuals prefer alternative a to b, so does the aggregate), and
anonymily is stronger than his nondictatorship condition, it has been
shown in Chichilnisky [1982] that a problem of aggregation similar
to that of Theorem 1 arises: the Pareto condition is topologically
eqquivalent to the existence of a dictator,

Our requirement of continuily is therefore the main difference
from his analysis. He postulates, instead, the axiom of independence
of irrelevant alternatives. This is the most controversial of his axioms,
and it seems worth discussing its relation with continuity.

In a first analysis it can be seen that the condition of conlinuity
ol the social aggregation rule i is unrelated to the axiom of indepen-
dence of irrelevant alternatives, ie., neither implies the other. Further,
it is clear that the continuity condition may bein contradiction with
the axiom of irrelevant alternatives. This is discussed also by
MeManus [1977], who provides examples restricted to the domain
of increasing preferences. For instance, continuity implies some re-
lationship, even if very weak, among the social preference at one al-
ternative x and the social preference al a sequence of alternatives ¢
approaching x. However, such relationships should be ruled out by
the axiom of independence of irrelevant alternatives, On the other
hand, certain rules (such as dictatorial rules) will satisfy both conti-
nuity and the independence axiom,

Continuity is a natural assumption that is made throughout the
hody of economic theory, and it is certainly desirable as it permits
approximation of social preferences on the basis of a sample of indi-
vidual preferences, and makes mistakes in identifying preferences
less crucial. These are relevant considerations in a world of imperfect
information. However, continuity can be considered to be a de-
manding condition, since it applies to the hmiling behavior of se-
quences of preferences, Tt can also be inlerpreted as a global inde
pendence axiom, since only when the preferences are “infinitesimally
close” should the aggregation rule assign them related outcomes. I[
two profiles of preferences are quite distinet, the ouleomes assigned
to each by a comtinuous social rule need hear no relation,

Finally, we shall discuss a seemingly substantial dillerence be-
tween Arrow's results and ours that, on closer analysis, proves not Lo
be s0. There exist restricted domains of preferences (such as convex
and increasing preferences) in which Arrow's impossibility theorem
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The curves [ and s indicate indifference surfaces for Lhe preferences oy and pa,
rnspeftiygj{g, The dotted indilTerence curves correapond Lu the averaging of the
indilTerence curves of oy and pu, ie., to the preference @

holds; vet these domains do admit continuous aggregation rules that
are anonymous and respect unanimity. For example, when individual
preferences are all convex and increasing, the averaging rule that
assigns to each couple of indifference surfaces corresponding to the
different individuals, say [, and [,2, the average of the two, say I,
in Figure V1, satisfies conditions (1), (2), and (3} in Theorem L. Maore
general examples of this tyvpe can also be constructed for such re-
stricted domains of preferences {see Chichilnisky [1976]).

However, it can be argued that the above case, where everyhody
agrees everywhere on the existence of one direction (given by the
arrow in Figure V1), along which everybody’s utility improves, does
not pose a typical problem of social choice. One expects that conflict
may arise when there are opposite interests at work for at least some
alternatives within the choice space, e.g., when two agents do not have
everywhere monotonic preferences, increasing in the same directions.
Such examples where optimal directions are opposed, appear Lypically
in the Edgeworth-box diagrams. Other cases where monolonicily
cannot. be expected are when the choice space is the set of all feasible
allocations of an economy, for instance, aset X = {x | ro v Xy, =
1pl, where the vectors 1, xg, X3 in £ denote Lhe consumption allo-
cation of n goods among three consumers, and the veclor xy indicates
tatal fived resources of the n commodities. 'This is a typical case in
which even though individual preferences over unrestricted con-
sumption vectors in £°% may be monotonically increasing, individual
preferences over the feasible space X will in general increase in any
possible direction at cach choice in X,

However, a closer analysis of the role of the axiom of indepen
dence of irrelevant allernatives proves that conflicts of this sort are
also necessary in the proof of Arrow’s paradox, even though his par-
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adox holds on domains of monotonic preferences.

The important point is that in view of his axiom of independence,
Arrow’s problem can be restricted to the study of preferences over
three choices. Since his paradox requires the existence of a Condorcet
triple or, in the case of two voters only, the existence of a similar form
of circularity of preferences,” the domain needed to obtain Arrow's
paradox does not satisfy what one usually understands by monoton-
icity of preferences. This can be seen as follows: since Arrow assumes
independence of irrelevant alternatives, the problem of aggregation
can be reduced to the study of three choices, sav a, b, and ¢ and three
preferences, py, ps, and py, which form a Condorcet triple. The
Condorcet triple is usually described as a set of three preferences p;,
p4, and py over three choices, a, b, and ¢, such that py prefersa, b, ¢
{in that order); ps prefers ¢, a, b; and p3 prefers b, ¢, a (see Figure 111),
Tt is difficult to think of these threc preferences as all having one
preferred direction or a common monotonicity property. Most intu-
itively reasonahle definitions of monotonicity of preferences when
restricted to three choices would rule out such Condorcet triples or
circularity of preferences, and thus Arrow’s paradox does not hold
gither for domains of preferences where such types of monotonicily
are required.

IV, PROBLEMS OF AGGREGATION WITH VANISHING
GRADIENTS

In Section [T we considered individual and social preferences with
continuously deflined (normalized} gradients in the interior of the
choice space X. In this section we shall consider a larger space of in-
dividual and social preferences, denoted by R, which also contains
preferences whose gradients may vanish in interior points of the choice
space X. A restriction we impose on preferences in R that for each
p ¢ R the set of choices in X, where the gradient pix) vanishes, be ei-
ther a set of measure zero in X or the whole of X ie., we assume that
for each preference p ¢ K, cither p(x) = 0 for all x in X, or else there
exists a set S of measure zero of cholees on which pix) is zero. We
endow £ with the topology of pointwise convergence of gradients

0. In Arrow [1850] the paradus was also proved for 1w individuals and three al-
Lernatives (see Seetion T p. 5400, However, even i properly speaking, two volers cannot
form a Conduorcet triple, a similar form of circularity appears that rules oul any usual
momnotonicity assumption. For example, oo p. 41, Arrow assumes individual | prefers
vty and viar, whilfa individual 2 prefers v to z and = to o, Later on, 1t is assumed Lhat
a varer exisls who prefees 2 to @ to v in that order. Thuerefore, the domain of preferences
conibains Uhise represented in the diagram of Figure [11 by gradients. The same rea-
soning that implies that Condoreet triples are inconsistent with monolunicily of
preferences applies here, ’
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outside of the set of choices where these gradients vanish. The rule
of convergence is Lthus
/i —~ p iffrxsup = I pitx) — pCe)l —0,
12y
where S, C X is the set of choices in which p/{x) vanishes.® Thus, in
particular, p/(x) — p(x) for all x € X, except perhaps on a subset of
measure zero of X,

We now require the aggregation rule ¢ to satisfy a Pareto con-
dition: if x is preferred (or indifferent) to ¥ for all preferences py,. . .,
pr,and ¢(p1, ..., pe) = p, then x is preferred (or indifferent) to y
according to p.

THEOREM 2. There is no social appregation rule ¢:R*® = R such
that
{1} ¢ is continuous;
{2} ¢ is anonymous;
(3} ¢ satisfies the Pareto condition.
This is also true if all individual preferences are linear.

Proof. We assume that there are n + 1 commodities, and k voters,
n=1k=2

Consider the subset § of B consisting of all linear preferences,
Each preference in § can therefore be identified with a point in the
sel

S {0,
where |0} indicates the zero vector in 2" 1L Obviously, if a rule gtk

— R existed satisfying (1}, (2), and (3}, it would induce a continuous
map,

r‘t;:g""' —It,

satisfying anonymity and the Pareto condition, ¢ being the restriction

of ¢ Lo G5
Now, for any given choice x in X, the preferences in H define a

sel of gradients at x,
i, = |pix)hpcR,
which is in a one-to-one E{)rrespondence with the set 5™ 1) {0} [t fol-
lows that for each xeX, ¢ induces a map,
@k — R,

B, With this topulogy 1 is nut a complete tospological space, hut the continuity
of the aggregation rule & is still well defined.
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ey, (S obE = 87 0] The definition of the topology on R
implies that J restricted to (S is continuous with the usual product
topalogy on (Sn)k,

Mote that i must respect anonymity on (5% {0])* Also, since
the Pareto condition applies for any choice ¥ as close to x as desired,
it follows that for any (py, . .., pe) € (50U 002, the outeome (py,

., P& ) must be in the cone generated by (py,..., pg) in B**1 (also
see Chichilnisky [1982]). In particular, if n = 1 and k = 2, then the
outcome

Yipi.pa)

must belong to the circular segment of S' between p; and po.

MNow, 5% 1_j |0] has two connected components,” and (8" ) f0])*
has 2*. Consider the connected component of (57 | |0} *, consisting
of profiles of nonvanishing vectors in (57 1L 005, Le, (S™)* Since
the image under a continuous function of a connected set is connected,
and ¥ restricted to (S”}* is continuous by definition of the topology
on A, then either {37} © 57 or J{5")* c 0} Since ¢ satisfies the
Pareto condition, in particular, ¥ respects unanimity. It follows that
w571 ¢ |0, implving that (S — 8=

Therefore, il ¢ exists satisfying (1), (2), and {3), it would induce
a cohtinuous map,

llb: (5‘ " }.l’.' — &n :

the restriction of ¢ Lo (5"}, which is anonymous and respects una-
nimity, since ¥ is Pareto. Such a map cannod exist by Thearem | of
Chichilnisky [1980]. Therefore, ¢ cannot exist.

We shall now give a geometric argument proving this result for
the special case of two volers and two-dimensional commodity spaces.
As above, let @ denote the space of linear preferences in K: here § =
S ol

The arguments of above show that if @:R? = | existed satislving
{1}, (2), and (3), then for cach xg in X there would exist a continuous
map,

LSUX S - ST

which 15 anonymous and Pareto, where the image 87 denotes gracients
at xqg. Let o be a given preference in S, and let |pfi be a sequence in
S Then as seen ahove Y p,o7) must belong Lo Lhe circular segment

T A topalogicsl space X s connected i 00 cannet be expressed as we union
AL B where A and # are both apen and closed sels with emply intersections. &
connected component of a disconpected sel X s o subsel of X that is connected and
s nol serietly conlainad inany connected sulmet of X
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$ip.pl)
i

Fiure VI

of 5! hetween p and p’, by the Pareto condition (see Figure V11).
However, as {p/| — —p (rom the right, ${(p,pf) must belong to the
closed (right-hand) segment of circle (p,—p), and as {p/] = —p from
the left, Y{p.p’) must be in the closed (left-hand) segment (—p,p).
Therefore, by continuity of ¢, only three mutually exclusive possi-
hilities arise [for the aggregate of p and —p: either Y(p,—p) equals p,
or Y(p,—p)equals —p, or di{p,—p)is 0 al x; i.e, the gradient of the
social preference vanishes at x. Assume first that y{p,—p} = p.

Consider the restriction of the map J on the circle p X 81, asin
Theorem 1 (see Figure VII). Since the image of p % St under i does
not cover 51 (the value =p is never assumed), it follows by definition
that the degree of of  resiricted to 4 = {p X 54 is zero. By the con-
dition of anonvmity, the degree of  restricted to B = |5 % plisalso
zero. Therefore, the degree of ¥ on A | B is zero. However, since
Pareto implies respect of unanimity, the degree of  on the diagonal
D is one, as seen in Theorem 1. This implies a contradiction because
the degree of Y on 1) must equal the sum of the degrees of W on A and
on B, as in Section [I A similar argument can be given to show that
the case ${p,—p) = —p is equally contradictory with the conditions.
Therefore,

Yip,—pl =0 at xp.

However, by continuity ol ¢, this implies that {8 > 81} {04,
contradicting the fact that

Gippl=p tor all peSt

which follows (rom the Pareto condition, Therefore,  does not exisl,
Since xpis arbitrarily chosen in 81, this implies that no continuous
map,

LR? - R,

exists satisfving (2) and {3), completing Lhe proof.
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Remark, Note that the respect of unanimity condition cannot
replace the Pareto condition in the proof of Theorem 2. This is because
the Pareto condition on a rule ¢:*% —+ P iz also valid locally; i.e., it
implies that for any choice x in X, and for any profile of preferences
(p1, ..., Pg) in P%,if the gradients p(x), ..., prlx) span a cone
Vipi(x), . .., pu{x)) in R®*L then the gradient of ¢{py, ..., pe) at
2, P ... ped (x)must bein Vipi(x),. .., pi(x)). The proof of the
theorem uses this fact on profiles of linear preferences,

(P1.- - .. pe) @Y C RE

The respect of unanimity condition, instead, puts no constraint
on the gradients locally; in particular, if ¢ respects unanimity but is
not Pareto, the gradient (@, . . ., pe) {x) may bear no relation to the
gradients pi(x), ..., peix) when for some ¢, and some yeX

pilv) = pilx)
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