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This note explores the relationship of soclal choice paradoxes to fixed paint theorems, A special
case of the paradox proven in Chichilnisky (forthcoming), the non-existence of a cantinuaus
anony maus rule that mespects anonymity with two voters and two dimensional choice spaces, is
proven here to be equivalent to a fixed paint problem, We indicate also how the results can be
extended to higher dimensional choice spaces and any finite number of agents,

1. Introduction

The seminal works of Black (1948) and Arrow (1951) used combinatorial meth-
ods to prove the non-existence of a social choice rule that satisfies certain basic
axioms. Armow requires Pareto, non-dictatorship and independence of irrelevant
alternatives conditions. Since then a larze body of literature on social choice theory
has developed using algebraic combinatorial methods,

Mare recent work by the author (forthecoming and n.d.) exhibited that topelogical
factors gave rise to a social choice paradox: for spaces of smooth preferences defined
over euclidean choice spaces, no continuous, anonymous social choice rules may
exist that respect unanimity. However, these results use tools of algebraic topology,
and/or index theorems of differential topology, which are not vet widely known in
the mathematical economic literature, The purpose of this note is to use tools more
familiar to mathematical economists to prove a special case of the paradox. We show
that for two agents, and a two commodity choice space the problem of constructing
a continuous anonymous aggregation rule that respects unanimity corresponds to
that of the existence of a fixed point of a function on the unit disk in R* We also
indicate how the result can be extended to k agents (k = 2) and n dimensional choice
spaces (n = 2).

* This research was supported by the United Mations Institute for Training and Research
{UNITAR) an Technology, Distribution and North—South Relations. [ thank Gerard Debreu,
Terry Green and Geoffrey Heal for helpful discussions and suggestions,
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Fig. 1. P x P =58 % 8 is the same space as the unit square when one does not distinguish
between points on apposite sides, as in the left-hand side of the figure. A is the set {{p, Polk
pe5tand =1 (pg, p): p =5}, The boundary of the *triangle’ T is the union of the diagonal
Awithd and B, 3T = A L 4 o B, this boundary can also be represented by the three circles
joined at ane point, as in the rght-hand side of the figure.

anonymous rule §: £ X P — P that respects unanimity is equivalent to the non-
existence of maps from the disk into itself without fixed points (Brouwer’s Fixed
Point Theorem).

We shall now prove that the problem of existence of an adequate social choice
rule i3 equivalent to the problem of extending a map from 302 to a map on 0. Let
¢: P X P Pbe asocial choice rule. Note that we can aflwagys defineon AU A U R
a social choice tule ¢ which satisfies all the conditions, as follows: /A = idg,

M Po, P)=Po W in 5 and & p, po) = po. Therefore, on the set AU A U B an ade-
quate social choice rule always exists, If we could extend any social choice rule on
AL AU B to the interior of the tdangle T then, we would have constructed a social
choice rule ¢: 5' X §' = §' satisfying the desired conditions, because 5! X §! is the
union of T and the symmetric set of T, i.e., §' X §' =T U T, where T, =

I(x, 3): (v, x)E T}, see fig. 1. Therefore, if ¢ can be continuously defined on T as
an extension of the map on 37 then since §* X §'=Tu T, St x 8 =5 could
be defined satisfying all conditions. Note that T and D are homeomorphic, i.e.,
there exists a continuous one to one map from T onto D. Therefore, the social
choice problem is equivalent to that of extending a map g: 30 = 4D to a map

f: D= 8l We shall now move on to the second part of the argument.

A continuous map g: 80} -+ 30 can be extended to another continuous map
f: D= 3D if and only if the map g can be deformed to a constant function mapping
all of 30 into a given xq in 30, ! Furthermore, this result is equivalent to Brouwer’s
Fixed Point Theorem. For a proof of this equivalence see Spanier (1966). The

! Le., if there exists a continuous map £ a0 x [0, 1] — a2 such that F(d, 00 = g{d) and
Fid, 11 =xp = a0 for some xg in 3£, and all & in a0,
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impossibility of extending a map from 30 to another on D, and that the problem
of extendability of maps from 80 te £ is equivalent to a fixed point theorem, it
therefore follows that the social choice problem is equivalent to the problem of
existence of fixed points of continuous maps from the disk to itself. This completes
the proof.

Sirnilar arguments to those of the theorem can be made (without the benefit of
fisures) for any n dimensional choice space, n = 2. This is because the Brouwer
Fixed Point Theorem for the nth disk D" is equivalent to the statement that no
continuous map g: S" ! = 577! can be continuously extended to another g2 D"~
5™ Lunless g is deformable to a constant map into a point in $™ !, Also, the results
admit an ¢xtension to any number of agents, since arguments similar to those given
in the above proof show that anonymity and unanimity prevent the extension of a
continuous anonymous map of defined on AU S"™ U LU S"! that respects
unanimity (such a map as seen above always exists) to another such map f defined
v M G S s
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