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Introduction

Development and planning institutions that study the
aggregate behaviour of the economy often use the
value of the Gross National Product (GNP) as a
primary criterion of growth. GNP is computed as the
sum of the value of the total market production of
final goods and services at market prices*. However, in
much of the underdeveloped world, scarcity of total
production of certain basic goods (relative to survival
values. say, of consumption of food, and minimal
housing, health and educational requirements of the
population) is a factor in welfare which is not
necessarily adequately represented in GNP
computations®: GNP values. may not provide
adequate measures of other important economic
variables. It is the hope of governments or decision
makers in many underdeveloped countries that a goal
of maximization of GNP be concomitant or consistent
with the attainment of adequate levels of per capita
consumption of basic goods. However, when income

* The author developed this model while working for Fundacion
Bariloche, Buenos Aires and Rio MNegro. Argentina during the pericd
197274, It was used as a mathematical-economic basis for the
subsequent empirical and computational work of the Latin American
world madel in a modified form. This paper contains results frst
presented at a meeting of the International [nstitute for Applied
Syslems Analysis in Vienna, October 1974 and also further work.

Discussions with Kenneth Arrow, Amilcar Herrera, Y. C. Ho,
Helio Jaguaribe, Tiallings Koopmans. Carlos Mallman, Enrnigue
Oiewra, and Jorge Sabato were very helplul in the construction and
formalization of the model.

*Much of the praduction of underdeveloped couniries that does not
trade in the modern monetary market is not computed. For imstance,
fond producticn and home buwiiding done and consumed by families.
and labour exchanged without monetary payment, which can he an
important part of total economic activity in so-called ‘subsistence
CCOMHTIES

"GP is computed by adding the monetary value of goods and
services: Lhe sum is made irrespective of the composition. For
instance. if the value of an air conditioner system is L0 times the
value of a pair of shoes. 100 shoes and | air conditioner would add
equally.
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distribution considerations are made. when the country
has scaree resources for the production of alternative
goods, and, in addition, when the market mechanism
(local or international) is not working adequately, this
hope may not materialize. There is evidence that this is
the case in many underdeveloped countries®. at least. in
the short- or medium-term horizon. Thus. it is of
interest to examine alternative feasible growth path$
and alternative criteria of economic efficiency of  +
growth. and to compare economic performance
according to different measures, especially in countries
where these problems are more pressing.

This paper sims to give a possible mathematical
formalization of economic efficiency in an economy
concerned with attaining acceptable levels of per
capita consumption of basic goods, subject to
economic and social welfare constraints, This model
was constructed as an underlying mathematical-
economic structure of the Latin American world model
of Fundacion Bariloche. It has been used. in a
modified form, as a feasibility study of possible growth
paths in such underdeveloped economies. The model
has a methodological intersection with the theory of
optimal economic growth, in that the efficient growth
paths are solutions of a constrained optimization
problem: they optimize a social welfare criterion
satisfying constraints given by a set of differential
equations with initial values®. In the usual optimal
growth models these differential equations represent
production-investment—consumption relations through
time, formalizing a trade-off between present and
future consumption (more present consumption implies
less present investment). Here, in addition, the
admissible paths also satisfy a differential equation
which relates the rate of population growth to the level
of consumption of basic goods (a proxy for standard of
living) which introduces further relationships between
present and future consumption. The admissible paths
are assumed to satisfy additional requirements. Per

* For studies an the question of income distnibution and growth, see,
for mstance, H. Chenery er ai?

*5ee, for nstance, Arrow and Kurz'
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capita consumption of all basic goods must be non-
decreasing throughout time. This is a welfare
consideration for countries with low levels of
consumption. Also, the possible changes i the
technology (relative capital labour intensities). and the
relative investment of factors (capital and labour] in
the different sectors of the economy has to vary within
limits. These constraints represent friction and inertia
of economic systems at high levels of aggregation.

The model has some other features that contrast
with those of other existing global models®. As
discussed above. the social welfare function formalizes
the objective of reaching, in an efficient manner,
subject to the constraints, an acceptable level of
consumption of basic goods, Efficiency is defined here
in terms of the minimization of the time horizon at
which these acceptable consumption levels are reached.
The model concerns the supply side of the cconomy,
since it attempts to provide an alternative measure of
chiciency in production and a basis for an empirical
feasibility study for reaching such consumption levels.
For a complete description of a market economy, the
demand side and the relationships between supply and
demand along the dynamic equilibria paths should he
analysed. Such analysis could be used to contrast
efficiency of market induced growth paths and paths
oriented towards the achievement of the goals
discussed here®, Because of its optimality or cfficiency
criteria. the model contrasts with other global models
which basically simulate through extrapolation or
projection. present trends into the future for the
relevant economic variables’, Some form of
rationalization of the use of scarce resources to satisfy
basic needs is required in this model. Such a
rationality may or may not be consistent with market
behaviour, and it may require taxation or other public
policies.to be attained; further work on this point
would be of interest. As discussed above. the growth of
the population is assumed here to be partly dependent
on per capita consumption. It turns out that
cmpirically tested functions of demographic rates of
growth dependent on economic variables® are not
necessarily always increasing functions of
consurnption: at some (higher) levels of consumption
they are sometimes decreasing. The economic
productive system, in turn, feeds from the demographic
system. since availability of labour is restricted by the
toral {productive) population. Restricted substitution
between capital and labour is allowed in production.
For instance, at relatively high levels of the population
variable. and relatively low levels of the capital

© Another hmitatien 1o the model 15 the lack of a theoretical
intarnational sector, This sector is of particular imporiance for
developing countres: it has been simulated by different
exogeneousiv-given inlecnational teade patterns in the empancai
mexdel.

"See. for instance Meadows et al® Part of the purpose of the
Fundacion Barloche medel was 10 present un alternative approach
10 global modelling, with a capacity Tor adjustment of fhe economic
‘and demographic variables [rom within and not anly 2 model
projecting into the future present and/or past economic ot
demographic tendencies. The simulation model built from this one
anempts zlso to reproduge mechanisms of adjusiments —as they
appeared 1 the recent historical data, and simulate their effects in
fusure periods. us well as compare thase with ether policies®

# Derved from o demographic sconometre submaodel: Herrera ¢t al "

variables. the model efficiency criterion may call for
more labour-intensive technologies. This contrasts with
other models where substitution between capital and
labour 1s. 10 effect. not allowed : this being formalized
by fixed capital/output and capital/labour ratios™,

Since there is some choice of technology in the
different sectors, even though restricted, consumption
and production are related to population growth,
sometimes in opposite ways. This poses trade-offs
through time between more (present) consumption
{and perhaps lower population growth and hence
increased future per capita consumption), and more
investment (and hence more [uture productive
capability), and between a selection of alternative
technologies and future consumption.

The market prices enter into the empirical model as
an important parameter. However. the values of per
capita consumption of basic goods and the minimum
requirements of consumption are not expressed in
monetary value, but in real lerms.

A brief description of the dynamics of the model 1o
a sequentizl form can be given as follows. Initial values
of production, consumption, and invesiment in three
basic sectors are given (nutrition, housing, health and
education). und in & fourth sector of senvices and
consumption goods complementary 1o the production
and consumption of the three basic goods. Also, initial
capital and labour allocations and production :
functions dependent on capital and labour, are given
one for each sector. At each point in time a
distribution of the available capital and labour for
each of the production functions of the five basic
sectors is chosen within a feasible set. A choice is also
made at each period between investment and
consumption of cach sector. The optimization process
aims at steering the economy along a path in which
minimum acceptable levels of per capita consumplion
of the basic goods are attained in the shortest possible
time horizon. so thal the model concerns countnes
where these levels have not yet been reached. The
demographic submodel of the population is fed from
the values of the economic variables. This, in turn.
determines the labour force variable. which is used in
the constrained vptimization for the choice of
alternative capital-labour mixes or technologies to be
used next in the different sectors.

Below and in the appendix a description is given of
the model and of how it was unlized in the Latin
American world model®, In another section we study
the existence und characterizations of the solutionis).
and briefly discuss how this characterization can be
used to compare a given pattern of growth (for

" For instance, m Meadows et al® the assumprion of o Gxed
capital:outpun ratio, together with the assumption of an exogeneous
Iconstant) rate of population growth has the effect that the binding
faciurs of productions are always capital and natural resources. With
an junbounded) popuiation growih which is also unadaptive mLhe
margin at each paint in time. capital ends up hewng the only
productive facior. People only consume, and finile natural resaurces
hound growih when they are depleted. By s own structure., such a
model conlains a catastrophe. In this model, by contrast. some
adapiation of the cconomy to the celative avalalivy of scarce
resourees docs occur. Thes 15 ceminiscent of some of the neoclass vl
literature on exploitatien of natural reseurces: mn 1hose models the
adaptation is brought about by adjusiments of consumpion oo
market prices. An analogous argument could be vsed here of the
demand side was alsn considered.
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instance, one in which GNP is maximized} with the
efficient paths of growth defined in this model,

The model and its dynamics

This section contains a description of the model and of
its utilization in the Latin American world model,
henceforth called “the empirical model'®,

Each economy {or block of economies) is divided
inta four sectors:’

8,. lood products: §,, housing: §,, education und
health: and §,, other services and consumption goods
which are complementary to the production and
consumption of goods and services of sectors §,, 5,
and §,. Consumption of sectors §, and &, is measured
in certain physical standard units. For example. in the
empirical model consumption of 5, is measured in
numbers of calories and in §; in the number of people
that can be educated and provided with health care.
Sector §;'s output of housing is measured by the
number of standard housing units or dwellings.

There are no corresponding units to measure
consumption of the cutput of sector 54; it was given in
the empirical model in monetary value. Tt was also
assumed that the value of the output of 5, (in
adequate prices) was roughly half of the value of total
output, This hypothesis is consistent with available
data across countries,

Each sector has a production technology that uses
as inputs capital and labour; the technology of the i-th
scctor is described by a production function:

Fl = R® ~R"

where FiL,, K,;,.... Ky represent the output of the
i-th sector. L; denotes allocarion of labour to sector |,
and K, e R* denotes the allocation of tvpe j capital
good to sector i. There are given initial values of
capital stocks for each of the sectors of the cconomy,
denoted KieR".i=1..._, 4, determining an initial
capital stock vector K. and an initial amount of total
productive population denoted L,e R*.'" Toral
productive population at time ¢ = 0 is denoted Lit),
and the total amount of capital goods of type j
available at time ¢ is denoted Kirje R", so that:

Y K dh= K (i

I=1
and -

Lty = Lin) i2)

i e

At each point in rime, for sector | of the economy,
i=1.3and 4, it 15 assumed that the sum of the
consumplion goods produced. denoted c(t) and the
invesiment realized on capital goods of the / sector

'For a discussion of the classification of countries into blocks in the
Latin American waorld madel, see Hereera e o.% and the

remarks at the end of this section. The sectors defined here do not
comncide with those used in reference 5: there. there 15, in addition. a
capital stock sector, which here is disapgreputed in capuital sinck used
in the production of the sectars §,... ., §,. see equations (1) and |31,

*The demographic submodel of Herrera er al® gives a pyramid

of population by ages) at each time period. productive population is
4 propartion of toal population. i
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twhich is. by definition. the rate of change of type J
cupital stock Kt =(8:¢0K (1)) does not exceed the
productive capabilities of that sector’s technology. for
the given capital and laboyr inpues, taking in to
account depreciaton, ie.,

edt) + Kdth = F(Lin, K, dnh ... .

Kadtlh — Ko fori= 1. 3and 4 {3)

The housing sector §, has a similar equation. but
with a different interpreration. since housing 15 not all
consumed at one period and so cannot be considered a
pure consumption good. Let €, represent a How,
rather than a stock variable, C,ir) heing the amount of
housing added at time ¢ 1o the previous stock of
housing. The corresponding stock variable is denoted
£7. Hence. consumption of sector 54 al lime 1 is
approximately represented by the integral of the
difference between the accumulated housing produced
and what 15 depreciated until time ¢

r

:_'2”] - "lcﬂ'\:] - '.'1':53[1.:“1-]':

o
The equation corresponding to equation (3] is:
Calt) + Kalth < FH L0, Ky ..

Kadt) = =K f4)

For each value of the population variable [, equations
{3} and (4) give implicitly a choice between present and
future consumption, when /' is an increasing function
of the capital stock vector (K. ..., Kyl

The initial data for the empirical model were 1960
values in US dollars. Estimations of the approximate
initial values of consumption and investment in the
four sectors, and of the production functions were
carried out for cach block. The production functions F!
were assumed to be of the Cobb-Douglas tvpe. ie.:

F{Lin, Kdn. .. Ky

= (LA™K 08" e e Keptan

Hence. in the estimation. the values of the parameters
x B, ..., fls were approximated. These types of
production function were used because they allow
some substitutions between factors; more general
forms of production functions can be also used.
Functions with fixed capiral/labour ratios at each time
period could alternatively be used provided that the
tatios ure allowed to vary through time. Initial values
of capital labour ratios in the dilferent sectors, denoted
KL j=1,...,4, were also estimated:

K lE['D:I Kd-al-[]':l

KLy = L0y " L)

with available data for each block of countries, They
were used to determine bounds for the admissible
changes in capital labour ratios. This constraint is
formalized:

d—[KL,i!]}” = K (5
dr

cquation (3] represents a limitation on the possible
changes of capital labour ratios in cach sector,
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Empirically, it was cstimated®:
Yo =0l
¥, = 0.05
Y, = 0.05
Yo =01

The growth of the economically active population
was determined from a demographic submodel.
Basically, 1t was assumed that the rate of growth of the
productive population depended on present and past
cansumption of the three hasic goods, as well as
present and past population and capital stock:

Liny = e dé), el fh eyl REL I For S0 (8)

The relation (6) was estimated with linear econometric
technigues across countries and through time in the
demographic empirical submodel.

In order to obtain a growth policy acceptable from
a socio-economic viewpoint, the additional constraint
15 imposed:

1)
Lity

are monotone nondecreasing functions of time, Le. per
capita consumption of basic goods is increasing, or
nondecreasing through time for any feasible growth
policy. Given that, as is generally ussumed in optimal
growth models, consumption in each period is smaller
than or equal to total production in each sector, this
constraint implicitly determines a lower bound on
terminal values of per capita stock of capital in the
different sectors when final minimum acceptable values
of consumption are given. This is formalized in the
next section.

In view of the above description of the economy, the
problem may now be formalized as follows. To choose
the instruments: consumption paths in sectors 1, 2, and
4. and a path Cyir) of added housing stock represented
by the vector:

i=L...4 (7

Cley = teqle), Cale) esthl. calth)

and investment and factor allocation paths:
ko) = (K0 ij=1...4
ity ={Ldth f=1....,4

as functions of time. s0 as to attain in the minimum
possible time. acceptable consumption values of the
first three sectors (nutrition, housing, health and
education). An economy E is identified by an initial
capital stock vector in the different sectors Ky R*".
initial productive labour value in the different sectors
Lo R~, initial vector of consumption of the four types
of goods denoted ¢ B*™, a vector of continuous
production functions of the sectors
F =(F' .7.. F*, a continuous function ¢ linking
productive population growth with consumption of
busic goods as in equation (6) above, and initial
capital/labour ratios in the four sectors.

A feasible growth path for the economy £ is a triple

* The construnts efectively imposed on the empirical model ace an
APPrORiMalion Lo egualion {31,

of consumption and capital and labour allocations
through time:

leizh, &l
where

] = (eylih caleh calt) cqalfl)

with initial values ¢y = ¢, Kilh = (K100 K00 K500,
K00 = Ky, and LiD) = L, and satisfying the
consiraints above (equations 1-7).

Given a veclor of minimum acceptable per capifa
consumption of the three basic goods ¢ = (). 3.
;)€ R**, (nutrition, housing, health and education.
respectively). an cfficient growth path for the cconomy
E is a feasible growth path {c#(t), ke(r), I+{r}}, such that
c# attaing or surpasses the minimum acceptable per
capita levels of consumption ¢ at time T, and T is the
shortest time horizon in which ¢ is attained. ie:

[ﬁ*[ﬂ cxT) ey T} .
TR T TE N
and, if (¢, k, [} is any feasible path. then:

Coln caley el

Lin' L Ly
In the Appendix a few remarks are made on the

application of the theoretical model discussed above to
the empirical model. i

);:r.' ifo=T

Existence and characterization of solutions

The model discussed in the previous section wis
intended as an analytical framework for the empirical
model on to which data was fitted and interpreted. and
simulation was performed to analyse the effect of
alternative policies. In the following we shall study
sufficient conditions for the existence of an optimal
growth path, and discuss a characterization of the
solution(s) of a special case of the model by a system
of differential equations. It is of interest to characterize
the efficient pathis) by adequate conditions since such
a characterization can be used to compare the
properties of this model with other models, to study
properties of the solution(s). such as questions on
convergence of myopic efficient paths to global ones,
and to derive algorithms {or approximation of the
solutions'. The results given herc are a step towards a
solution, rather than a complete solution of the
problem.

From a mathematical viewpoint the model can be
thought of as a dynamical system evelving through
time. At any moment ¢ the system is in some state. For

'Far existence of 4 solution we use the results in Chichilnisky®.
Because of possible non-convexities and other characieristics of the
muodel. the techniques of reference 4 seem preferable to those of
vptimal comteel theory here, Mon-convexities can wrise in the
production lunctions (due Lo, for inslance, increasing relurms at some
production levels) and 12 the population rate of growth functions.
These techmiques are also useful since we can show existence of
solutions in Hilbert spaces (L; and Sobolev's spaces). Together werh
the characierization of optimal paths by optimal control theory
technigues [which is given here for a special case and under
convexity assumptions). the results can then be used for Lhe
approumation of the solutions with gradieat methods which are
availahle in Hiiberl spaces.

Appl. Math. Madelling, 1977, Val 1. September 293
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an economic system. the amount of capial goods of
gach sector K i = |...., 4 and of labour, 1. constitute
4 suitable state description, Hence the state space is
REt:

At any time ¢ there 1s a vector which can he chosen
by a decision maker from a feasible say (which, in
general. varies with time and on the state). This vector
is usually referred to as a decision or control variable:
in economucs it is called an instrument. Hence, the
instruments are the allocations of resources to different
productive uses and to consumption, ie.:

Kt =K del .. Kedth  i=1.....4
MO mAKult). =l felang
v =1(Lt), ..., Lajt)

and

) = ¢ th Cal fl, Lalf), t‘q.“f]"

The instruments are taken to vary within a feasible
set whtch_depEnds on the state and on time. [n our
casc, as discussed in this section:
Kt =0

&
Y K= Kdn for all i
|

i

for all (8}

i

Lin = Lir)

1

o) = 0

Lit)=0

for all J

Tt is assumed that a value of the state and of the
mstrument variables at any point of time completely
determine the dynamics of the system. Thus, for a
given technology the capital and labour structure with
its allocation among different uses (as given by the
instruments) determines the output of all goods and
Lheir allocation between consumption and investment.
In view of the formulation of the first section. the
evolution of the state of the system is thus given by the
couations:

Kitn) = FRLAEL K ) Bt 1) — o dt)

— Kt i=1,3and 4 9
Kalth = FHLAL Ky st Koglih 1) — Calt)
— K0

and

Lity = e th cpieh eafth Lyft,.... Laft), Kb eh o (1

iwhere the dot denotes time derivative) provided thar
equation (6) is simplified to assume that the effect of
past consumption on population growth at time ¢ is
embodied by ¢ in equation (10): otherwise. the system
becomes an infinite dimension dynamical system and
réquircs morg complicated mathematical (ools. The
lime variable r enters into £ und ¢ to allow F' 1o vary
over time. due to technological progress or other
exopenous factors,

We then have a dynamical system on the state space
R*" depending on the parameters or instrumens

Kty = 1K e KN Wb = Loion ... Laith
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and
i) =Ae\irh, cait), eqft), caitl)

The initial conditions of consumption, labour force
and capital in the different sectors are-

Cfu] = Cn
L = Ly ()

a specification of technology F' and of population rate
of growth relation ¢. The last two constraints of the
model are that the vector valued function:

ot
12
Lir) K
be monotone nondecreasing through time, and:
| | d I
I IKL) =¥, (3 PR 4 {13
di .

as in equation (5). A feasible growth path can now he
thought of as a choice of instruments through time
{Ce), vy, kie)) satisfying the initial conditions iequation
1), and the relations (R}, (9), {100, (12} and {13},

Let G be the translation of the positive cone R+
with vertex ¢ = (¢, c3, 1) denoting minimum f
acceplable per capita levels of consumption of the three
basic goods, Then. the problem can he formulated as
minimizing the time for reaching the set G, ic, to find
a feasible growth path such that there cxists a time
horizon 1, with:

fe AL, caltl Lith esitiiLine G

and such that if (cir), (1), k(1) is another feasible
growth path with:

ﬂ:’.‘lUl:I_.-"L[h],., k5 L'_+|:!| !.-'L{I‘;]]El[:.

The first problem one faces in attem pling Lo prove
the existence of a solution is that the set may not be
reachable from the initial conditions {equation 11)
through feasible paths of the svstem described by
equati¢ns (8) {13). One can at most expect to find
sufficient conditions on the system for the set G to be
reachable. [nitial conditions (equation 11) and the
relations (8), {9 and (10) determine a typrcal control
problem (without the additional restrictions of
equations (12) and (13)). In many simple cases it is easy
to see which points in the state space are rcachahble
and which are not for this type of system: the linear
case, for instance. has been treated in detail by
LaSalle’ and Boltyanskii et al.? Equations {12} and
i13). and the fact that the region to be reached is one
in the variable {¢,/L, co/L and ¢;/L) which is a
combination of instrument and control variables make
our problem more complex: further study of
tnathematical conditions on he system for reachability
of the ser  are required. These conditions should he
adequately interpreted in functions of the technolagies,
of the population growth equartions. ele. to be
meaningful for the economic model.

Assumprion @ In what follows we assume that there
exists a fy < . and a feasible growth path (a5, fir).
kinp such that

e LA cale) LI eqltl Linils G

fort =1,

then t, = rg.

lort = T,
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In order to show the existence of an efficient path
or solution we make a few assumptions and discuss Lhe
spaces ol prowlh paths we shall consider. Let #{l. k. 1)
he the vector valued function:

Fil k. 1z R* o R'™ w RY o R
given by
F”. k, ”:-[f'.ll.Lh K||. Cih . K4|, | T

FYLa Kiaiioon Laaa
where for each i,

FLL KRS = RT

is the function representing the technology of sector i
at fime f,

We make the following assumptions about the
technology:

Assumprion 1 F admils an extension to a real
valued function F' defined on a neighbourhood of
R*' x R'®* x R* F' continuously differentiable and
nondecreasing, and for all i there exists K with FiL,,
K' 1<K, for any L, 1, if K = K*, and
Kio=¥?* EK;iwhere £' = (K,;,....K4) and where
Ky= lfdg. <vv« Kyp) are the imitial values) This
assumption 15 basically a technological constraint on
productivity: it formalizes the notion that after cerrain
levels of capital stocks the technology is consirained in
its increases on productivity by the cost of maintaining
capital stocks at operating levels (represented by the
depreciation parameter 7).

We make the following assumptions about the
population growth.

Assumprion 2. The function ¢:R**~ = R™ admits an
extension 1o a real-valued function ¢ defined on a
neighbourhood of B2, ¢ continuously differentiable,
and |p(c, )| = K for some K = 0. This assumption
formalizes the notion that the rate of population
growth 1s bounded in absclute value. This hypothesis
can be derived from others, for instance, that after
certdin levels of consumption, the rate of growth of the
population is nonincreasing, or another weaker
hypothesis,

Let T be a real number, T = T,

We define the set © = L = [ of all feasible
consumption, labour, and capital allocation paths as
follows™:

(cir). ir), kine€ x Lx K if and only if:
(el cylt) and cqlty are in (L.[0, TT'. eqlt) in
(HY . WnelH [0, T* and Koe(Hi[0, 75"
it} Constrammts {equations 8—13) are satisfied ae,
on cin)in [0, T, i= 1.3 and 4 and for all

™In the follewing, L5[0. T denotes the Hilbert space of measurable
functions on [0LT7 with the inner product |2 gy = [T Nomode < =
and the norm | Ol = (002 B0 T] is defined as Tollows: il feg
are in Oy, icontinuously differentiable) functions on 0 17, define the
inner product:

1 hmb = ¥ DI - Dégendr
D T AT
n
where [M denotes the j-derivarive operator. 8% f1 = f. Let the nerm
i e defined as [|F]4 = 0L 015 5 The completion of ¢! under this

narm is i Hilbert space. called a Sobolev's space® denvted HY 0077
By Sobolev's theorem® HA0. 1] = C[00 1] e, all functions in HY are
L) T ITES

te[0.T] for firy and kir) and c4lt)

G 0 it = Pyl kinn for i = 1. 3. 4 and
0= Chit) = FANn. &in. ovae in [0, 7). (In other
wards, consumption of sectors §,.5;, and 5, and
output of housing ((,) in each period at each
seCtor cannot exceed that sector’s total oulput}
e 0L edny Lie), oyl i e G ae, in

| Ta. TT.

MNote that assumption (iii) together with {iv) and
equation {12} above imply that the feasible terminal
values of the capital stock vector:

KTy =(KyiT.....KdTH (14

are bounded from below, Not all capital stock can be
consumed near the end of the growth path since,
otherwise, production and hence consumption. by {iii}
would drop beneath the required levels {assumption ivl,
which are sustained (by equation 12}, In view of the
assumptions, the following result now follows from
Theorem 1 (reference 4):

Thearem {: For any economy E satisfyving
assumptions (. | and 2 there exists un optimal growlh
path {c=. [+, k*) in the set of feasible growth paths €
x Lox M

Under certain conditions. mostly convexity
assumptions on the technology F and the function ¢
giving the rate of population growth, one can also,
prove the uniqueness of the consumption path c*
obtained from a solution, as in Thearem 1 {reference
4). Note that since the space of instruments has a
dimension larger than 3, and all that is needed o fully
determine the dynamical system is to give a vector in
the tangent space for each point of the state space
R*~. one can expect that mare than ane path of
instruments will yield the same soluton. This could be
used for studying possible alternative optimal poticy
decisions.

We next discuss a characterization for the
selutionfs). In order to use optimal contrel theory
techniques (see. for instance. Roxin®), we make strong
assumptions and simplifications in the model, [n
{Assumption 3) below. we make convexily sssumptions
which are generally required for the characterization of
optimal paths in optimal control theory, Further, we
assume that the problem of reaching the set G (defined
above) in a minimum time can be given as one of
minimization of the time needed to reach a set in the
slate space, where the values of the state variables,
lubour und capital allocation to the different sectors
are such that they make possible sustained per cupiru
consumption of the minimum acceptable per capita
consumption values denoted by ¢ above"

"This last assumption will wsually be satishied in coe sector models.
bul may not be satisfied in generad. The peint is thal in o malt-
sector model of (ce, ket s a path that minimzes the nime nesded
{sav Th o reach uosel & where the final value of the variables ¢, L
Co L and oo L are above o value coand Mk e L Kas Loy is the
corresponding capital stock and labowr pach in the state space, then
i is non necessarily oroe that (K« .. Kpe, ey minimizes under the
same constraints the time required to reach (K s TEL .. K= TLL
L= Economecally. this means that planming & mimmum tme path
Lo reach the productive capabilities or values of inpurs thar would
wliow cne ta produce cengn levels of per copiry coRsUMpLon may
nel concide with planning & minimum time path (o reach those
levels of per capita consumption, This 15 a4 poine of possibly
interzsting pohey implications and which reguires lurther analyss.
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We now rewrite the simplified version of the model
in optimal control notation, Sinee the characterization
we seek i3 for medium- or short-term com parisons
with other planning policies. we shall assume g certain
given rale of population growth {a particular example.
used for instance. in reference 4 js- Liry= Loy,

4 = ). Hence. in the following, the differential
equation corresponding to population growth
lequation 10) will not be part of the system. the
production functions will be assumed homogencous.
and variables are to be understood in PEF cupita terms
from here on (ie. divided by the rotal population
variable Lir), for each 1); we preserve the sarne natation
to simplify the exposition. For simplicity, the vectar ¢,
+ K will now be denoted K, since. as discussed in
the section un the model and its dynamics, ¢, is a
stock variable. Hence, here the minimum acceptable
level of housing and capital stock in 5, becomes <3

F K. where ¢, is the minimum level of housing stock
of above. and K, is the value of the stock variable
associated 10 ¢, in equation 9.

Let % denote the vector of state variahles
=K. Ky B* and Jet v denote the vector
(t.X0e R* " These vectors are considered in Euclidean
spaces with the usual norms, Let u denote the
instrument vector:

L, K'. ... K%Y

¢ here denotes the vector ey, e3,04) Translated to this
case. the constraints (8) and (11) determine the feasible
set of instrument vectors u, as depending on time and
on the state, denoted £(x, t). As seen in the proof of
Theorem I, and in view of assumptions 1 4.
Lix.th = UL a compact set of the u-space,

We can now rewrite the system (9) and (10} as:

W=le. Lkb=ic,. o3, vq.byo....

X = Jin x5 u) with w0} = x,

or 115}
¢ o= fxu ) 3
where
Xy o= X =K,..... s =Ky
wo=jc, Lk
=1

PP s R K Yoy <
;'3=F’{L:.Ku---uf'{«tz}—'.-'2Kz
Fh= FYL Ky Kas) = ¢ — 34K,
fi= F4[L4.K|4~---~K44;| — oy~ Taky

As before:

-

E K‘“[!l e KHI.!:I

i

and since we are now rewriting the system in per
Capita LeTms:

*a.
Y tans=t

We now muke further ASSUMpPrions.

dssumption 3° the sets:
Fix, Uy = "Fx u, ue L
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and
X L) = gix, w nyue L

are borh convey,

Mote that since {7 5 compact, and £ and ¢
continuous these sels gre compact too. Convexity of
these sets can be obtained from concavity of the
technology F und of the functian of population rate of
growth @ (sec reference 4,

Assumption 6: Let {cw, [+, ke, be an efficient path
and (K. ... . K, be the associated path of state
veCctors.

If' T is the minimum time at which 0%, Ca%,
ci*b 2 cae for i = T then assume that T is also the
minimum time at which any fleasible path (K ir,

.-, K40l reaches the set:

H=!xeR" 2 (K #D)... . K =T}

{see footnote n). Assume, further. that f is reachable
from |he initial conditions. Then we obtain:

Praposition 2: Under Assumptions 3 and 6 if
e =A{cw, ke Ix) is an efficient growth path, then there
exists a vector valued function of time Mebin (HYE
such that i) satisfies the differential equation®

&r {
p= —p| (16
p P[ﬁx a)
at % = s, 1=, ks) and the coerresponding

Kb =LK+ .. Ky*), and so that. at each time 7,
e = (calt), Iafr), keir)) maximizes the scalar product

e fixs=ie), 1) (17
with respect to all possible values of u in the set 1

Proof: By Assumptions 5 and 6 we can apply the
Pontryagin maximum principle (o the problem of
system {15) reaching in minimum time the set & in the
state space, which proves the existence of a Mt
satislying equation (17), with pirie R** for each 1. By
definition of the space of paths in the state space,
ANEH* = (1Y) since (H!)® is a Hilbert space,

Equation {16) then follows from usual optiimal
cantrol theorems?:3

Conclusions

{1} Under the assumptions, Proposition 2 gives a
characterization® of the optimal path of instruments
k(! as one maximizing, far each time r. the scalar
product ;

P f(ste) a6

for all feasible wf) in U, where pisj satisfies equation
i 16} above,

" Al Lhe points veir where 1he Foundury of the reachable set of the
systern |L3) {see, for instance Rosin®iis a smocth surface,

¥ Mote that i order 1o completely determing the paths pei), one
nezds ra e in addition 1o Proposition 2, a4 st of final cornditions of
o T alse valled rransversality condinons, represenling the
sonstrant that the efficient path reaches B wiume T, and henge,
depending on 1he propenties of the set 5. For discussions and
referenie to these and orher aspects of the determination of
transversalily conditions in mnimum 1me prohblerns, see reference

1.



Economic development and efficiency criteris iri ss8i.. sctron of basic needs: G. Chichilnisky

Figure I Graphical representation of model

{4) The data bank of the model was built using
essentially compilations of specialized agencies of the
United Nations - particularly the Yearbooks on
demography, statistics and National Accounts—and
information from OIT, UNESCO. and FAO.

Much information was compiled. However, the
present available data is far from being satisfactary. As
a result, some subjective judgment is unavaidable in
the process of covering gaps in information. This is
also true for the selection of available data. Tests were
made with the model to verify the sensitivity of the
maodel to variation on the data observed or used: the
model and its results proved to be reasonahly stable.

{3) The variables describing evolution of the
population life expectancy at birth and death rates and
of the number of family members are functions of
socio-economic variables. The main difference between
this demographic model and those of others in use is
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that 1t is not projective, it does not extrapolate
observed tendencies, but it relates them to socio-
cconomic variahles,

A large number of tests were carried out until the
functional relations connecting the variables were in
agreement with the data and satisfied econometric tests
{see Demographic sectar®). However, demographic data
prior to 1950 is quite incomplete.

(6) The global dvnamics of the empirical model are
suggested graphically in Figure /. The initial data on
economically active population. activity rates, and
stock of capital determine in each period the
production levels of the five sectors of the model.
Actual data are used for the r = 0 period: the values
for ¢ = 0 arise from the combination of the initial
conditions and of the constrained optimization process,

The level of physical production of food, housing
and health and education services, divided by the
population. determines the levels of satisfaction of
basic needs,

Given the initial values, the yearly housing
investment determines the urbanization rate, as it is
assumed that all inversions in this sector are assigned
to urban type housing (see Urbanization and
housing®)

Figure I represents a sequential (ie., discrete time)
version of the model as was simulated in the computer
work, Labour and capital, through the production
process yield values of food, housing, education, ofher
goods and services and capital goods production.
Food, education and housing, in turn, affect health and
urbanization variables. Health is also affected by
urbanization. Health, urbanization, housing and food
in turn feed population variables. New capital and
population variables thus determined, give the value of
the total productive factors lcapital and labour)
available for the next period. compieting the cycle.

The expectancy of life at birth, (ELB) variable which
is in the centre of the diagram was not considered in
the theoretical model. It was chosen, however, in the
computational model as a proxy of social wellare or
level of sausfaction of basic needs: this was done for
practical purposes since ELB appears to be a good
indicator®, Because of the complex nature of the
optimization model, the large number of variables and
the amount of data needed. the computation of
optimal paths was redefined in the empirical model,
The optimal paths were computed ‘myopically’: at
cach period the allocation of factors in the different
sectors was chosen 50 as to maximize ELB in the next
period, with constraints in the investment at that
period. Time periods were one vear long, This
procedure, of course, raises questions about the
relation between global and myopic optimization
results, This is one point in which the theoretical
model presented here and the empirical model ure
different: the two problems do not reduce to a
commaon formulation.



