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INTRODUCTION

An economic agent is usually identified with a vector of resources and a
prefercnce relation defined on Lthe space of commodities. In this sense, an
agent is an element of the product space X < ™, where X is a space of com-
moditics or resources, and @ is a space of preferences! defined over the space
X, Proximity between agents is formalized by the introduction of a topolopgy
on the space X = @ piven a topology X and another on @ the space of
agents inherits naturally the produect of the two 1opolegies. Spaces of com-
moditics have standard topologies induced by those of the lingar spaces in
which they are imbedded, while Lopologies lor the spaces of prelerences are
not in peneral naturally given, Topologies on spaces ol preferences were
studied by Kannai [6], Debreu [2], Hildenbrand [4], and Grodal [3], among
others. They were introduced as a framework for the study ol economies
wilh many apents. In this contexl, an economy is represented by a measure
defined on the o-algebra of the RBorel sets induced by the topology on the space
of agents which provides a formal structure for the study of economic
aggregates. Topological properties of cerlim economic concepts of the theory
of general equilibrium and of the core are also studied in this context, lor
instance, the continuity of the demand correspondences 2], of the core and
of the set of equilibria [5, 6] when the agent’s preferences are allowed to vary.

Topologies frequently used in the literature are the Hausdorlt metric
introduced by Dcebreu [2], and the closed convergence, introduced by
Hildenbrand [5]). These topologies, which have proven very useful for the
theory (for instance, in the study of the continuily of the core and the
equilibria) appear to he too coarse in certain cases, For example, as discussed
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' In its most gencenl form, a preference relation # can be thought of as a subsct of X < X,
the product of the space of commodities with itsell; {x, ») € ? when y is preferred to x
according to 8. In this sense, spaces of preferences on X can be thought of as subspaces
of the space of all subsets of X« A
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recently by Mount and Reciter [8], they seem 1o count as neighboring agents
some of which are widely different in terms of certain utility indicators
defined jointly in commodities and preferences, indicators used in the study
of resource allocation mechanisms over a class of economic environments.
The problem in these cases seems to be the lack of sensitivity of the HausdorlF
metric and the closed convergence topology to the measure of the eriaphs
of the preferences (see [B]).2 It would thus seem desirable to count with
adequale finer lopologies for spaces of preferences that are more sensitive
10 proximity criteria according to such types of utility indicators.

It is the purpose of this paper to definc a natural topulogy for spaces of
preferences, and to explore some of its propertics, including the above-
mentioncd sensitivity of the topelogy Lo the measure of the graphs. We
proceed as follows. First an order structure = (a reflexive, transitive, binary
relation) is given to spaces of prefercnces defined over a topulogical space
of commodities (X, ). This order = is shown to generile an order topology
r on a space of continuous preference relations €7, which includes preferences
that are nol necessarily complete, monotone, or convex.? The following
properties are then obtained. If X x X is a normal space, the sci f, of irre-
flexive continuous preferences is a closed subsct of the spuce of continuous
preferences (", v), and Lhe set €y of continuous transitive preferences is a
closed subsel ol @. An approximation result is given for agents that have
preferences defined on subsets of the commadity space X: If V is an open
subset of the commaodity space X, the set &7 of preferences on € which are
defined only on Y are an open subset of ¢, and it ¥ is open and densc in X,
@ is open and dense in . We then study the relation of the order structure =;
and the order topology = with the Hausdorfl metric (denoted 7,) and the
closed convergence topologies {denoted 7.).* We show that the order topology
r is finer than both of these topologies, when restricted to their common

* The definition of these type of indicalors is based on (he measure of the “lower conlour
scis™ ol the graphs of prefercnces |8, Thus, the continuily properties of these utilities
depend in part on the sensitivity of the topalogies on the space of preferences 10 the
measures of the lower contour sels of the prefcrence’s graphs. It is known that the HausdorlT
melric or the closed convergence topology are not sensilive enough in this sense, One can,
for instance, construct examples of sequences of closed graph preferences (87) which
converge 1o a closed graph preference 8 in the Hausdorff metric or the closcd convergence
topelogy such that the measure of the graphs of the 85 do not converge 10 the mwcasure
of the graph of 8. Sce, for instance, ihe example in this paper and alse [8]). These types of
examples preclude the continuous extension in these topologies of the utility indicators
of [B] to the class of all cantinuous preferences; further conditions on the preferences are
required [R]. In these types of problems preferences are not necessarily monotone or
cOnvex.

»8 is the space of all preferences 8 C X = X such thal ¢ is an opcn set which is the
interior of its closure.

1+, and 7y coincide when X is compact [5]
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spaces of definition. Therefore, the results on continuity of the core and the
equilibria (see [4, 6]) defined on economies or markels where the number of
agents, the commodities held by them, and their preferences vary, are
preserved in (@, 1), as well as the conlinuity properties of the demand corre-
spondences as depending on resources, preferences, and consumption sets i2).

Next we study the case where (X, o) is given a o-finite Borel measure .
We show that the order topology + is sensitive to the measure of the graphs
of the preferences in a sense that 75 and T¢ are not: Under mininal lopological
restrictions on the graphs of the preferences, iff a continuous preference #
is the limit of a sequence {8, } in (¢, 7) then the measure of the graph of # in
X x X is the limit of the measures of the graphs of the &'s. In [1] it is further
shown that it is basically this property of r that is needed to show continuity
of utility indicators based on the measure of certain subsets of the graphs,
such as those of [8). Theorem | summarizes the above results, Theorem 2
Investigutes some topological properties of spaces of preferences with the
order topology: If the space of commodities X is a compact (or compactified)®
separable metric space then the space of continuous preferences @ with the
order topology v is a separable metrizable locally convex ordered spuoce,
where any < completely ordered connected subset which is closed and order
bounded is compact. In Theorem 3 some further relations between u rejated
order < and the 7eand r, topologies are also studied. The space o closed
graph preferences® (@, +,.) and its subspace of irreflexive, and transilive
preferences (&, , ), both endowed with the order g are shown to be com-
puct, norma)ly ordered spaces. An open subbase for any compaci completely
ordered subset of & with the topology 7. is shown to be given by the open
mcreasing and decreasing subsets. An extension property for continuous
<-increasing functions is given, and a 7, continuous bounded real or vector
vilued function {such as a demand function) defined on a closed subset of
& (respectively, &,) which is increasing with respect to <€ and the naturul
preorder of R (n 2= 1) can be extended to a 7, continuous, increasing function
defined on all & (respectively, &,).

DEFINITIONS

A preference or preorder 8 is a relation on X, i.e., #is a subset of (X x X);
(x, p) e when y is “preferred” to x. With this definition @ is identified
with its graph. A preference of preorder # is frreflexive if and only if

(x,pyet = (y,x)¢é.

I X is metric separable and locally compact, one can consider its one point compact-
Iwation [T], which is also a metrizable space, as done in [5] for the definition of the closed
Covergence Lopalogy as an extension of the HausdorT metric 1o noncompact netric
BPilces.

*&is a space of preferences with a closed graph in X % X
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& is rransitive if and only it
l.)'r:- }’}E lﬂ1 ( Z)E i x,z)e t.

b is continuous if an only if it is an open subset of X % X such that ¢ js the
interior of its closure, e, ¢ = é‘, as subscls of X » X s antisymmetric
when (x, p)e 8 and ( y, x)el = x=p A preorder & is an order when it is
transitive, antisymmetric, uand the diagonal D is contained in ¢, where
D={x,eX x X:x = »h Note that the definition of continuity given
here does not necessirily coincide with others givenin the literature in certain
cases. For instance, in [2] a continuous preference is taken 1o be one whose
graph is closed in X = X. Our definition requires an open graph, which can
be thought of as the interior of the graph of a closed graph preference.
These two delinitions muy yield different classes of preferences in some Lilses
since, for instance, the closure of the graph of u transitive preference may not
be the graph of a transitive preference, as can be seen in the following
example:™® Let X — [0, 1). Define 8 by: (x, phedif

=14 and p=j

Oor

¢ is transitive. Now,

or
X =1 and  p =L,

Thus, (0, 1) € 8, (}, 1) € 8, but (0, 1) ¢ 8. Hence, 8 is not transitive,

Let @ be the tamily of all continuous preferences on a tpological space
(X, o) where X % X is a connected normal space.®

We give an order structure (o @ by defining 8 < & il §C 0 45 subsets of

" This example was suggested by . McFadden,

* Also, us shown by Schmeidler LI}, when X is connecied, il the relation @ s ransilive
with a closed graph and is such that the corresponding wreflexive relativn igiven by
(x, phe & ifand only il (x, ¥ e #and (y, x) e 8) hiss an epen graph, then either ¢ iy complete,
or else it is an equivalence, ie., (x, ¥) G # = (y, xjed

¥ For puint set lopology detinitions, see, Tor instane 71
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X o Y (= corresponds o - of ~3Y The couple (&, =) becomes an ordered
space (=, 15 not 4 complete order on @), The order topolugy T on Lhe space
of preferences @ over X is defined by giving an open subbuse A for + defined
as follows:U € 7 if and only if

U (#: 0@ with 8 - ¢ for some # in &}

Or

U - {B: 0 e with 8 = ¢ for some ¢ in ey

We next show certain desirable properties of special subspaces of pre-
ferences: the space of irreflexive continuous preferences denoted €y, and
the spuce of transitive continuous preferences denoted ;.

Livma 1. The set € of irreflexive continuois preferences i85 a closed
subser of the space of continuons preferences ©.

Proof. Let tl = lim, &, & n &, . If 8 is not irreflexive, then there exisls
a point (x, y) € 8 such that ( p, x)is also in U, Let {/, be an open neighborhood
of (x, ) contained in & Deline S(U), the “symmetrical sct of U, by

S(U) — {to, whilw, v) € U

W Ope cuin alternatively consider the set 8 of closcd subsets @ of X < X with ¢ #,
i, B s the closure of Qs interior and @ =+ @, Given 8 in @, ¢ s in @ and is uniyuely
detined, and any #in & is the closure of & in @ Hence ® and & are isomorphic. 1n i, & < &
cunn b defined by # 0 Jt Since we here derive the Lopalogy vn the space of preferences
from that of the space of commodities X, for rechnical reasons & seenis preferable 1o 4,
The results of this paper can be translated 1o #, <)

1 ppte that if < is the usual order in & given by (1) < () i and only il X, < Fj -
x, < ¥ . Lhen the gorresponding onder topology is equivalkenl 10 e usual opology on K7,
Note also that even if the order is complete {such as < in K} il s, in general, false that the
order wpology (say, over Ry restiicted 1o somc subset ¥ (of KY) is equal Lo the vrder
topology vn ¥ induced by the restriction of the order on Y (cf. |7, pp. 58D For instance,
inRLICE - [0, 1) {2, 1], then Uw sequence {X=} = {2 -1 (1/m)) converges whin n -+ @
1o the puint | in the order topology induced by the restriction of the order =5 on Y. But
{amh = 1 in lhe usual topology of RY, which coincides with the order topology on K'Y
One must be aware of this property for the applications; see, for nslance, Theorem 3.
An analogous siluation occurs, however, in the definition of the Hausdorfl metric defined
on closed sels of a compact metric space, For instance, if one considers the subspace Zof
all vlosed graph preferences which are rellexive, then if the bulls O, around & in Z which
give the e-neighborhoods of # are assumed 1o be in Z (i.c., Lo be reflexive closed sets) the
topology can be shown 10 be, in general, different {coarser) than if one considers the «-
neighborhueds which are general closed sets as 4 basis of neighborhoods in £, as in the
usual delinition of the Hausdorff metric. The point is that the HausdarT metric on a subset
of preferences Z induced by the restriction of the metric on closed sets in Z may be differcni
{han the Hausdorfl metric induced by the metric belween all closed sets restricted to the
subset of preferences Z.
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Since U, is a neighborhood of (x,y)int, Uy - SWyntisa neighburhood
of ( v, x)in 0. Consider the set S(U,) and let U,y C S(U,) be such that t!fu -y,
x.y) e Uy, and S(UHC O Let 8,e@ be delincd by g, - Uy U Sil,).
8, -= 8, and thus the set

A =0 =)

is & neighborhood ¢ in 7. Forany & in A there exisls & (1, v} in 8 such that
(v, W) is in 8 also; ie., & is not irreflexive, which is a contradiction since
g —» 0 and all the 8's are assumed Lo be irrellexive, This completes the prool.

Lemma 2. The subspace af all transitive continuous preferences Oy 08
closed in 0.

Proof.  Assume that 9 - lim, 6, 8ind, ¢ in &, for all . Then it #is not
transitive, there exists (x, y) € 8, and {(p, 2y e U, with Lx, 2}y 0. Let el
be such that 6 -2 612 Let 8, be a preference in @ such that o, =t and
(x,z)¢ ¢ ;8 can be constructed as #;, — 8 — ¥, where # is some preference
in @ whose graph strictly contains #, and Vis u sulliciently small neighborhood
of (x, 2). Let 8, be a prelerence in @ such thut ¢, ~2 0 and 8, contiains the
set{(x, ¥, (p 2)) Let B be the open neiphborhoud of #in ) defined by

B0y, 8Tty

Then B is nonemply, and Hogec B, 0+ is not Lransitive, contradicting the
assumptions that & -+ 8, and e ¢ for all . This completes the prool.

Next we study Lhe relation between topulogical properlies of @ subspac
Y of the commodity space X and of preferences delined over the subspace Y
The following resull yields openness of the space of agents whose preference:
are defined on open subsels of the commodity space X, and openness dim
density of the space of agents with preferences Jefined over an opell aim
dense subspace of the commodity space X

Liemma 3. Let YO X be an open subset of X. Then the space v of con
tintous preferences defined on Y is an upen subser of the space of all con Lo
preferences O, If Y is open and dense in X, &7 is open and dense in 0,

Proof. Since Y s open and X x X is normal, if fedr (e, dod an
PCY = ¥yand ¥ £ X, then there exast ¢ and O, in &7 with ¢, - f - U,
and thus the set

U oo {80, < b= 0y ;

it [ there does not exist such @0 — X = X and is (hus transitive,
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is a neighborhood of & contained in @*. Thus @ is an open set of @. IF Y i3
open and dense in X, if @ € OY and O 1sin U, = {0 8 < 0.} (U, is an element
of the subbase & of @), then there exists 8 CY x Y with 8 < 0, < a,:
0. can be constructed as an clement of € which contains 8 and an open
neighborhood ¥, C Y x Y of a point p in ¥ X Y such that ¥, is in the
interior of the set 8, — f. p exists by density of ¥, and ¥, exists by normality
of X and by openness of ¥ in X. 8, is an element of @Y contained in U, .
Similarly, it
Uy = {0: 6 > B},

there exists 8, C ¥ x ¥, with
Hﬂ ':':: Hﬂ} -'P‘: 'H!-

and 6, is in Uy and is an element of @¥. This completes the proof of density
for ¥ in €.

We next study the relation of this order structure ={ and the order topology
+ with other topologies on spaces of preferences. If X is a compacl metric
space, the Hausdorff metric 7, is defined on the set of nonempty closed subsets
of X = X (with respect to the metric d on X' X X, given by the product of
the metric of X'), by

£, F) — inf{e € (0, co): EC B(F)and FC B(E)},
where B(E) denotes the “e-neighborhood of E™ defined by
B(E) = {xe X:d(x, E) < ¢}.

If X is metric compact, the set of nonempty closed subsets of X endowed
wilh 7, is a compact metric space [3].

If (X, d) is a locally compact separable metric space, the topology 7. of
closed convergence is defined on the set of all closed subsets F of X, by giving
a subbase 5;

eSS, il U-—-{F:FﬁK=EiandFHGr,é @l
where K is 4 compact subset of X and G is an open subsct of X9 The set of

all closed subsets of X x X endowed with 7¢ is a compact metrizable
space [5] :
“Fhie Hausdorff metric 7, induces a topology on the space of conlinuous
preferences @, given by the rule of convergence:
poov i B0

1 | can be scen that F9—"e Filf lim, sup, F* = liminf, F* = F [5].
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For simplicity, this topology on @ is also denoted 7, . When X is separable
and locally compact the topology of the closed convergence 7, defines ulso
a metric on &, given by

[ T G e}

These 75 and 1e topologies on @ coincide when X is compact (see (5] Let X
be a compact melric spuce.

LEMMA 4. The order topology T is finer than the Hausdorff metric 75 on 0

Proof. Let §e@. Consider an open set U C X < X, such that U C B, \0)
and U D4, and let 0, = (. Consider an open set ¥ in X < X such that
@V C B, 6(0), and VC 0. Define ¥ — 6, Then (¢: 8, << ¢ = 6} is an
open set in 7, which is contained in B,(6). Thus, 7 is finer than 7, .

Remarks. (1) The Fact that r is finer than 7, has some useful econome
implications; among others, the continuity properties ol the demand corre-
spondence [2, 5] and those of the continuity of the core a nd the eguilibrium
[5, 6] are preserved in this topology when restricted to the adequitle spaces
of preferences.

(2) When X is metric separable and locally compact, one cun stimilarly
show that the order topology 7 is liner than the topology of the closed cun-
vergence Te. In this case one considers the one point compactiication
X of X which is a compact metric space. The delinition ol the order topology
now is done with respect to the compactilied topology of X, and since the
topology of the closed convergence 7. is delined as the Hausdorlt metric
on £, the proof of Lemma 4 applics.

It can actually be shown that = is strictly finer than 7, . Basically, the orded
topology 7 requires that the preference of a sequence () that approaches
f eventually “cover” any preference whose closure s contained in the
interior of the graph of #. An example of a sequence of preferences L
converge in the Hausdorll metric sense but do not converge in the orde
topology is given below.

let X » X be the unit square centered at O m K% and let D be the interio
of a square of side of length 4 centered a1 0. We construct a sequence o
preferences 8* on X as follows. Let the graph of #* < @ be the unon of th
set £ with the interior of astrips S, 7 — 1., was drawn in Fig. 1, where th.
scts 8, are constructed so that

1=l

1 (A} denotes the complenent of the scl .
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and assume, in addition, that as ¢ - = 0 the strips 8; become dense i the
complement of D in X < X, Then 4, + X x X in the Hausdortt melric,
but 8" # (X % X)in the order topology. These types of examples show why
convergence in the Hausdortl metric does not imply convergence of the

measure of the graphs.
r\\ M %ﬁ/

% D 5,
5, \
FiGuke |

The union of the (closed) graphs of the preferences 8" may be dense in
X < X, while the measure ol that union may be strictly smaller than one.

We next discuss the continuity properties of the measure ol the graphs
of the preferences in the order topology v. We assume now that X = X
is given a a-finite Borel measure g, and we restrict ourselves to the subset of
preferences # in @ with plét) = 0, denoted .

LisiMa 5. Let 05 be a sequence of preferences in @, and let 0+ bed
in the vrder topology 7. Then
pll) — him p(d*).
Proof. Let V, be a scquence of open neighborhoods of ¢ in (¥ 7},
Vn — {3‘: ﬂj --\: &' "'i Hi .H. ¥ ﬂJ ]‘“E}ﬂ“d ﬂj "( ﬂ ‘5: ﬂ*' . Wilh.u..[ﬁ‘ Hﬂ < I_flli'},
Then since * — 8, 1or o = oy, = ¢ ¥, which implies that

hm (@ p o) = 0 (1)

{where 4 denotes the symmetric difference). Let f and f= be the characteristic
functions of © and &, respectively. Then

w0 20 = [ 1f =1
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Let ¥, be any famly of subsels of finite measure, with ¥ C 1, ¥, . By (b

By the Lehesgue convergence theorem

J‘ lim | f— f*| = hm J R bl

L N,

where lim, |/ — f* | denotes the poinlwise it of | - 1 T Tollows tha
lim, | f—f<| —Oue m ¥,. Thus, lim, j* - fac on Foie,

lim gt Y pld 0 Y

Since this is true for each ¥, ,and X C U, Yo, 1t {ollows thal
hi () plt)

Remark 3. The results of Lemma 5 are not ruc when ¢l
I lausdoriT metric, as seen in the example disc ussed abuove.
In view of the results of Lemmas | 1o Sowe can now stale!

Tueorem |, If X x X iv a normal space, both the ser &y of irrcilesic
preferences and the set {, of iransitive prefercaces are closed i the space
continuous preferences € with the order topology v If ¥ T X is an open subs.
af X, then the set 07 of continuous preferences defined on Y is an open subs
of (¢, 7), and if Y is open and dense in X, 0F is open and dense in (@, 7). Wis
Y iy a conipact melric space the order opology 7 @5 {(stricilp) finer than U
Huusdorff’ metric on @, 1f X is metric sepurable and locally conipact, ard
denotes its compactification, then the order topology is (strictly) Sfiner than 1
closed convergence topelagy on €, when defined on contingons prefercite
on X_If X x X is given a a-finite Borel measure jo, and we resirict the

of continuous preferences o those with pli®) — 0, if @ net af proferen
{0} converges to 8 in the order topology, then

pli) — IiII.I'L ;L[ﬂ‘].

We now study some topological properties ol spaces of preferences w
the order topology.

An ordered space (T, =) 152 topulagical spice cyuipped witl an order
A subset Eof (T, =) is suid to be convex whenever @ =5 b =2 cand g an
are in £ implies bis in £ A4 fucally convex ordered space i5 an ordered sp.
with a convex base. A subset E of (T, =) 15 50 id o be order complere wl
euch nonvoid set with an upper bound his @ supremum and each nonv
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set with a lower bound has an infimum; E is called linearly or completely
ordered if = is a complete order for £ (see also [9]).

Tueorem 2. [f the space of commodities X is a compact meiric space,
then the space of continuous preferences (0, v) is a separable and merrizable
locally convex ordered space. Any linearly ordered connected subser of (€, 1)
which is order bounded and closed is compaci. If X is a locally compaci separable
melric space, the same resulis follow for the space of continuous preferences
defined on the compactification X of X.

Proof. First, note that (@, 7) is T, since = is finer than the Hausdorff
metric if X is compact, and finer than the closed convergence topology if X
15 locally compact, by Theorem 1. This can be also seen directly as follows.
Let 8, # 8,. Without loss of generality, we can assume 8, — 8, —
8, n6(#,) + . This implies that 8, — 8, # =. For, if 8, — 0, = o,
then 6,C 4, =.8,C 3, = f#,, by definition of &, which i1s a coniradiction.
So ¢, — 0, is nonempty open set. Let V be an open ball, FC 8, — 8, . Then
the set

A={cd®:. 8= F)]

is & neighborhood of 8, in @ which does not contain &, , and thus, &, is not
in the closure of the set {#,}, which shows that @ is T, .
Now let B(#) denote the “e-neighborhood of & in X x X given by:

B() = {(x,y) e X x X with d((x, y), 8) < ¢},

where d is the product metric on X x X inherited from the metric of X,
Let 6, ¢ If 6, and 8, are preferences in @ with

ﬂi { ll"il { ﬂj’ »
let V,; denole the set
{H'. ﬂ;‘ ‘{: a = B,}.-

The sets of the form V,;, for 8, and 6; in @, form an open base of neighbor-
hoods of #, . Let

B, = BA10),
and
ﬂ.m ={(x, y) € i d(().‘,y], ‘f{ﬂ,[ﬂ}}] = 2e}

and let V, denote the set {#; 8,,) < 8 < 8,,)}. Note that there exists an €,
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such that 8, is not empty lor € < ¢, and that by compaciness of X < X
for any 8, , 8, with 8, < 8 - 0; there exists an € such that

HJ, "‘1 ﬂ:ld =, ﬂJ
and
i, = B, = 0,

Thus, the ¥, describe a family of neighborhoods of 8, ; if the €'s are tuken Lo
be rational numbers, this family is countable. The space € is also separable;
it 8, € ¥;;, then by compactness of X x X there exists an ¥ < oo such that
the sequence of sets

\J B.(p.)

for p, € B, and e sufficiently small, approximate , as € — 0 and N — .
Since € can be chosen 1o be rational, the &'s cun be chosen Irom a countable
family of finite unions of balls of rational rudius with centers on a cuunlable
dense subset of X % X. Therefore, by Urysohn’s metrization theorem [7],
(@, 7) is metrizable, By the ubove description of a base of neighborhoods,
(@, 7) 15 also a locally convex ordered spuce.

Let A be any =5 linearly ordered subset of (¢, 7). Then by [7, pp. 162(c)]
if 4 is closed and order bounded, A is compact if and only if' it is order com-
plete relutive to =, Since X is connected, and X % X is normal, X is order
complete, Thus, since A is assumed o be connected by [7, pp. 38i(c)], A is
also order complete. Thus 4 is 7 compact,

We now turn to the relationship between order and the topology r..
Let & denote the set of all preference relations which have a closed graph.
The order < is defined on & by 8, <€ 8, if 8, T ¥, as subsets of X x X (is
not a compleie order on &).'¢ )

We need some further definitions (see also [9]): An order is called closed
if its graphs is closed. A compact ordered space T is u compact topologicul
space equipped with a closed order =, A subset £ C Tis said 1o be = -de-
creasing, or decreasing with respeet to the order < whena = b,und be K=
ac E. FE is called increasing when a o £ and b =a:=-beE An ordered
space T is said 1o be normally ordered it for every two disjomnt closed subsets
F,and F, of Z, F, decreasing and F, increasing, there exist two disjoint open
subsets A, and A, such that A, 2 F, and is decreasing, and A4, D F) und 15
increasing. A function f between two ordered spaces (T, <0,) and {7, =I,)
is called increasing when x =2, > f(x) =3 f(»).

Limma 6. £ is a closed order for (@, ).

w < s sirictly finer than <, since A C B does not imply A & .
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Proof. Consider (t*} and (&), wilh

bo<g B, 00,
and

e e 0;
4, and ¢, in & Then,

O+ C 98 = #, = lim inf 8 C lim sup &% = ¢,
Thus, 8, << 8, , which completes the proof.

CoroLLARY 1. The space of preferences @ with the closed convergence
topology and the order << is a compact ordered space.

Proof. It follows from Lemma 6, since (€, 7.) is i compact topological
space (see [3]).°
Let &, denote the space of irreflexive, transitive preferences in &,

Cokorrary 8. (8, 7o), <) 08 @ compact ordered space.

Proof. 1t Tollows from the fact that &y is a closed subset of @ with the
closed convergence topology 7. (see [3].

We can now prove Lhe following thearem, which summarizes the relat ion
between the order <€ and the topology 7. on &.

Tisokem 3. Let X be a locally compact separable metric space. Then:

(1) (@, 7o) with the order << is a normally ordered space.

{2) For any linearly ordered closed subset F of @, the set consisting of
all apen < -decreasing und <Z-increasing subsets form an open subbase for
l.-Fv Te)

(3)  Let E be a closed subset of € with the following property: X, YCE
and X < Y in the space E (equipped with the topology and the order indiced
by &) then X << ¥ in &. Then every continuous increasing bounded real valued
Sunction defined on E can be extended 1o the entire space @ withour the loss
of these properties'® The same results are true Jor (&, 7).

Proof. Thal (@, 7.) is normally ordered follows from the fuct that {&, vc)
is Hausdorff [5] and from [9, Theorem 4, Chap. 1, Sect, 3].

W[ one restricts onesell (o a completely ordered subspace &, of & the requirement that
the Tunction delined on £ be bounded is not necessary for it to admil an extension o all of

@, (sce [9, Theorem 6, Secl. 3)).
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Since (F, .) is compact and linearly ordered, by [9, Theorem 5, Sec. 3],
(2) follows.

Since £ is closed and & compact, (£, 7¢) 15 normally ordered also. Then
(3) follows from [9, Theorem 3, Chap. 1, Seet. 2]

Remark.  The result on extension ol continuous cnereasing redl valued

functions can be generalized to vector valued functions, and it imphes, fos
instance, that a continuous “E-nereasing demand functiom defined onea
closed subset of the space of preferences such as E can actually be exiende

to all the space of preferences in a continuous <Z-increasing fashion.

RErLRENCES

1. G. CHICIILNISKY, sContinuous  Representation of PMeferences,” Workmg  Papo
Harvard University, 1976,
(. Depnew, Meighboring economic agents, “la Decision,™ Editons du Cen
Mational de la Recherche Scientifigue, Piris, 19649,
3. . GHODAL, A nofe on the space of preference relations, J. Muth. Lyun (1975
W HiLpeENBRANL, ON coconomies with many agents, J. Foe Fhewry TS0, 101 D80
5. W. Hupensrane, "Core and Eyuilibria ol & Large Economy,” Princeton Ulon
Press, Princeton, N, 1974,
6. ¥, Kannal, Conlinuity properiics of the core of @ market, Eeomameteiva (1970
7. L. Keeey, “Gencral Topology,” Van Mostrand, Toroniof New York/London, 194
B, K. Mount anp 5. Rerren, Construction of 4 continuous ulility Canclive for a cla
of preferences, J. Muath, Ecodn., W appear.
y, L. Macumn, “Topalogy and Order,”™ Van Nostriod, 1 arentoMew York/Lomdo
1953,
10, 1), SCHMEIDLER, A condition fur the completeness ol partial preference relation
Evonomeivica {8971).

[

£ =3

Printed by the S Catherine Uress Latd,, ‘Tempelhof 37, Broges, Belgn



